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' • ' PREFACE 

\ 

The s-eries Soviet Studies in Xh^ Psycholo;;y of Learning and Teachin g 

Mathematics is a collection of translations from the extensive Soviet 

t 

literature of the past twenty-five years on research in the psychology 
of mathematical instruction. It also includes works on methods of 
teaching mathematics directly iiifluenced by the psycaiological research* 
The series is the result of a joint effort by the School Mathematics 
Study Group at Stanford University, the Department of Mathematics 
Education at the University of Georgia, and the Survey of Recent East 
European Mathematical Literature at the UniveFsity of Chicago.. Selected 
papers and boolcs considered to be of value to the American mathematics 
educator have been translated from the Russian and appear in this 
series for the first time in. English. 

Research achievements in psychology in the United States are / 
outs tanding ' indeed . Educational ps^hology, however, occilpi^s ^nly ^ 
small fraction of the field, and fintil repently littl^ attention has 
been* given to research in. the psychology -of learning and teaching 
particular school subjects. 

The situation has been quite different in the ^oviet Union. In 
view of, the reigning social and political '^ctrines^ several branches 
of psychology that are highly developed in the U^S. have scarcely been 
investigated in the Soviet Union. On the other. hand, because of the 
Soviet emphasis on education and its function, in the state, research in 
educational psychology has been given considierable moral and financial 
support. Consequently', it has attracted many creativer and talented 
scholars whose contributions have been rLimarKable . 

Even prior to World War II, the flussians had made' great strides ,ln 
educational psychology. The creation in 1943 of the Academy of Peda- 
gogical Sciences helped to intensify the research effarts and programs 
in this field* Since then the Academy has become the chief educational 
research and- development center • for the Soviet Union. One of the main 
aims of the Academy is to conduct research and to train research .scholars 



A study Indicates that 37,3% of all mc3tei;tals in Soviet psychology 
published In one year was devoted to education and child psychology. Se^ 
Contemporary ; Soviet Psychology by Josef Brozek (Chaptp.r 7 of Present-Day 

Ru ssian Psycb.ology , Pergamon Press, 1966) » t » 



ft 

in general and specialized education} in educational psychology, and 
* In methods .of teaching various school subjects, 

> , The Academy of Pedagogical Sciences of the USSR comprises ten 
research institutes in Moscow and Leningrad. Many of the studies 
/ reported in this series were conducted at the Academy's Institute of 
General and Poly technical Education, Institute of Psychology, and 
Institute of Defectology, ,the last of/^hich is concerned with 'the 
special ps>fchoJ,ogy and educational tfechaiques for handicapped children. 

' The Academy of Pedagogical Sciences has 31 members and 64 
associate members, chosen from^ among distinguished Soviet scholars, 
scientists, and educators. Its permanent staff ^includ^s more than 
650 research associates, who receive advice and cooperation from an 
additional 1,000 scholars and teachers. The research institutes of 
the Academy have available 100 **base" or laboratory schools and many 
other schools in which experiments are conducted. Developments in 
foreign countries are closely followed by the Bureau for the Study of 
Foreign Educational Experienae and Information. V 

The Academy h^s its own publishing house, which issues .hundreds of 
books each year anci publishes the collections Izvesj:iya Akademii ^ 
Pedagogichesklkh Nauk RS^R [Proceedings of the Aca^my of Pedagogical 
Sciences of the RSFSR], the Monthly Sovetskaya Peda^ogika [Soviet 
Pedagogy], and the bimonthly Voprosy Pslkhol^ORli [Questions of Psychology]. 
Since 1963, the Academy has be^n isauing collection entitled Novye 
Issledovaniya v Peda.^ofiicheskikh\ Naukfakh [New Research in the Pedagogipal 

i Sciences] in ojder to disseminate information on current research. 

A maj^r diff erence . between th^ "Soviet and American conception of 
educati^onal research is that' Russian psychologists often use qualitative 
rather than quantitative methods of research in instructional psychology , - 

^ In/ a ,^ cgr dance with the prevailing European tradition, American readers ^ 
may thus finc^ that some of the earlier Russian papers do not comply 
exactly, to U.S,^ standards of design, analysis, and reporting. By using 
qualitative methods and by working with ^^nall groups, however, the Soviets 
have beeri able to pene'trate into the child's thoughts and tcJ analyze his 
mental ^xocesse^. To this end they have also designed classroom tasks 
and settings for research and have emphasized long-term, genetic studies 
of learijjing. /' ^ ' » 
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Russian psychologists have concerned themselves with tjie dynamics 
of mental activity and with the aim oi arriving at ^e principles of the 
learning process Itself. They have investigat.ed such areas as: the ^ 
development of mental operations; the nature arid development vt)f thought; 
the formation of mathematical concepts and the relal^ed questionJi of ^ 
generalisation, abstraction, and concretization; the mental operations 
of analysis and s,ynthesis; the development of spatial perception; the 
relation between memory and thought; the development of logical reasonJ.ng; 
the nature of mathematical ^skills; and the structure and special features 
of mathematical abilities. 

In new approaches to educational' research, some Russian psychologists .| 
have developed cybernetic and statistical- models and techniq^ues, and have 
made use of algorithms, mathematical logic and information sciences • 
Much attention has also been given to programnfed instruction <^nd to an 
examination of its psychological problems and its application for 
greateir Individualization in learning. ^ ^.^-^^ 

The interrelationship between instruction and child deWlopment is 
a source of sharp disagreement between the Geneva School of^ psychologists, 
led by Piaget, and the Soviet psychologists. . The Swis^ psychplogists 
aBCTzXhe limited significance to the role of instruction in the develop- ^ 
ment of a child* According to them, instruction is subordinate to the 
specific stages in the development 'of th^ child's thl^nking — stages 
manifested at certain age levels and relatively independent of the 
conditions of instructijon. ^^"W ' 

As representatives of the materialistic^evolut^||^t theory of the 
mind, Soviet psychologists^scribe a leading^ role t^ instruction. They 
assert that instructiqn broadens the potential of development, may 
accelerate it, and may exercise inf\uence not only upon the sequence of 
the stages of development of the child thought but' even upcf%^ the very 
character of the stages. Tlie Russians study development in the Changing 



conditions of instruction, and by varying these 'conditions , gy demonstrate 
how the nature of the cjiild^s development changes in the process. As a 
result, they arc also investigating tests of giftedne^s and are'^'^^using 
elaborate dynamic, rather than static, indices. 

See' The Problem of Ins t ruction and Dcvelopnient at the^ 18t^i Internat i onal 
Congress of P sycho logy by N. A. Menchinskaya and G. Sahurova, Sovetskava 
Pedagog lVa7 r967, ^Mo. >1. (English translation in Soviet Education , July 
1967, Vol. 9, No. 9.) 

V 
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Psychological research has had'^a considerable effect on the 
recent Soviet literature orv methods of teaching' mathematics, Experi- 

^ . • 'it 
ments Uave shown the student's mathematical potential tp be greater 

than had been previously assumed .| Consequently, Russian psychologists 

have advocated the necessity of varioUs changes in the content and 

vmethods of mathematical instruction and have participated in designing 

the new Soviet inathematics curriculum which has been ir^troduced during 

the 1967-68 academic year. s ^ • * 

, The aim of this series is to acquaint matheynatics educators and 

teacWers. with directions, ideas^ and accomplishments in the psycholdgy 

of mathematical instruction in the Soviet Union. This series should 

assist in opening up avenues of investigation to those who are interested 

In^broadening the ^foundations of their profess:S,on, for it ^.s generally 

recognized that Experiment and research are indispensable for improving 

content and methods of school mathematics. 

We hope that fhe ^volumes, in this series will be used for study, 

discussion, and critical analysis in courses or seminars in teacher- 

j 

training programs or in institutes for in-service teachers at various 



At present, materials have been prepared for fifteen volumes • Each 
book contains one or more articles under a, general heading such as The 
Learning of Mathematical Concepts, The Structure of Mathematical' Abilitl(.es 
and Problem Solving In Geometry. * The introduction to each volume is 
intended to provide some background and guidance to its content. 

Volumes I to VI were prepared jointly by the School Mathematics^ 
Study Group and the Survey of Recent East European Matheipatical Literature, 
both conducted under grants from the Na^tional' Science .Foundation.' Wtten 
the activities of the School Mathematics Study Group ended in August, 1972, 
the I^epartment of Mathematics ^ducation at the University -of Georgia ^ 
undertook to assist in the editing of the remaining volumes. We express ^ 
our appreciation to the Foundation and to the many people and organi;?:at ions 
who contributed to the establishment and continuation of the series. 

^ 

Jeremy Kilpatrick 
Izaak Wirszup 

Edward G. *Begle '^'^Ny^ ' * 

^ James W. WilsSn 
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EDITORIAL NOTES 



1. Braoketed numerals i^n'^he text refer to the numbered ' 
references at^the end of each paper. Wlieie there are tw6 figures, 
e.g. [5:123], the second is a page reference. All references are 

to Russian editions, although Jtitles have been translated and 

\ ' 

authors' names transliterated. • 
t ' 

2. The transliteration scheme 'used is that of the Library 

of Congress, with diacritical marks, omitted, except that KD and 
are rendered as "yu" and "ya" instead of "i-u" and "ia." 
/ • ' 3. Numbered foatnotes are those in the original paper, 
starred footnotes are used for editors' or translator's comments*. 
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INTRODUCTION 
Sandra P. Clarkson 

-( 

The articles in this volume are concerned -with the instruction 

in problem solving of mentally retarded pupils in the auxiliary schoiji^^ 

of the Soviet Union.' Both articles in this volume describe^ research i; 

problem solving anti also provide concrete 'suggestions for improving /''•T 

instruction. The literature reviews contained/ in these articles provide 

us with jnuch information of the state of research in the Soviet Union 

*on problem 'solving In mathematics. The cry is made,agal/i and agaiil in 

the articles for specialized instruction. for stXidents with special 

^.earning di^o^'ders. - ^ " 

Probtem solving, resulting in the development of the student ' s logical 

thougi^, is*seen a^ haying a therapeutic as |jell as a pragmatic value for 

the mentally * re tar de<i school pupil. ..Instruction in problem-solving skills 

occupies a great dfeal' of -time in. the auxiliary .schools. ' Mikhal skli,. in 

the first article, identifies ^thl^ee metliods of instruction in problem 

solving: the method of analogy^ or guiding a pupil's solution by giving 

him easier analogous problems when he encounters difficulty solving the 

main problem;^'the method of many problems ,^where the pupil learns tt)^ 

_^olve a problem by solving problems of increasing difficulty; and the 

method of ^ analysis. The latter method is explored in the article. 

, There "are" two methods of analysis: analytic and synthetic. In the 

analytic method of analysis, the pupil decomposes a complex problem into 

simple problems' based^ on what, is askerd' f or in the problem. One asks 

oneself, "What muat I knoxj to solve this problem?" One then sets out to 

t • * 

find the information needed. In the synthetic method of analysis, one 

begins with the data given and asks the ques^ibn, "If 1 know this-, what 
else do I know 'and what can I find ojJt with this inf ormatic^? " One 
proceeds in this method until the question one ^^sks is the question of 
^he problem; A soli/tioh %o a problem . might reasonably contain- both 
types of analysis. 

Mikhal' skii" gives a fairly ext(|nsivG review of thc! problem-solving 
s'tudi'es that used one or both methods of ^analysis. Oh the ^jasis, of his 
literature search, he. designed ^vci ra^^ series of isivesligations to 

xiv * . ' 



* determine the character ist-i^s of auxiliary school pfipils^ problem-solving 
processes. The, in^stigated were from' graces 3j5, and 7; eKcellent^ 
••average, and Poo%_ prgtoleni solves were included in*,the sample. 

^ The priinstry goal of '^ie^ Investigator was to -determine the pupil s . 
ability to solve "^yobiems without the teacher's help* There wer^ju four • 
series of prc^leras given. ^Serie%^^ie c6ntained ordinary prdblems.of ' 

* the type used in the classroom as well as problems with, too many numbers, 
too few numbers, and no n^abe'rs at" all. Series two contained problems 

in which the pupils had to -supply missing numbers. Series^^^three contained 
problems with data but no^u^stion; the question had to b^ supplied by% 
the pupil. Series four contained typical problems thati had to b6 analyzed 
before ■ solution. # 

« 

. Mikhal'skii report^ in detail the solutions given by individual" 

pupifs, but he reaches only a|few general conclusions. The third graders 

solved problems without regard to the question; ittdid not influence their 

choice of operations. Most third graders could not identity either* the ' 

conditions or the question of^ the problem. Fif th* graders likewise ^ 

neglected to use the questiofv^df the problem in determining theiit solution 

plan. However, unlike the third graders, they^ did -recognize the eonditions 

and could state the question of, the problem. .^The results for the seventh 

gradeJts were similar *to those for the fifth graders. 

. With .most of the^ pupils f^the method* of solution was not influenced 

^ . ' ■ • * 

by the question of the problem, but instead proceeded because of the 

conditions and the numerical data- As would be expected, the seventh 

graders did better than the fifth graders, who did better lhan-the. third 

graders. ^ ' ' ^ 

The errors made by the pupils in attempting the preliminary analysis 
of the' Conditions were analyzed and, based on this analysis, sbme 
suggestions were made for problem-solving instruction. , 

This article provi^des some hclpf ul- suggestions for. teaching problem 
solving, as well as an iixsight into the processes mentally r ijj; arded^^,^^^^ 
students use^ while isolving problems. 

Kuz'mitskaya, in the c^thjsr articles of the volumo^ also attempte^d 

' to identify the difficulties auxiliary school "^^pll?^ l^^ve in splving 

probl^ems and -to prescribe certain instructional strategies^. She^ assumed 

* - ' \ 
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that the cljajracteristic^ of the reproductipn of a'proUlem depend/on the 

'iev'ej*. of cpm]j2fehensd.on of the;- problem* ^ - * " , . ■ ^ * ^ ' 

'V'^J^^jj^^ Were piresentfii^to ^20 fourth grade 'and. 20 sixth grade • 

auxiiiA^V' school pupils i The py4)blems chosen were oj;ies th&y had solved 

ia gflrH p^y- grades The safae .problems were presented to normal ^qond- ^ ^ 

graders^ in the public or^''Wss" schools- IJhe pupils were 'asked to read 

the problea ove*. several -times and .then to state the problem orally 

' * ^ ' ' S . ' . ' 

without- reading 1/t. The. refJroductioils were analyzed and possible sources 

* '"'^ ■ . • • , ■ , ' - ' ' " ' ' 

of difficulty identified. ^ , ^ * , 

>. * . * : ^ / ' • * . 

* In all't^I^ases* of prdbrem Ireproduction ,* the norpial children pdrformed 

b6tt;e.r ' thaii the mentallyi ^retarded pupils- despite theV age difference. ^ tk^ 

^auxiliary school pupil* s success . ia/ reprpducing pboblep w^s inversely. 

proportional to its complexifcy. * • ; * 

. Th^^ pupil's soiutioa of 'the /problem depended on a correct rtfjiroduc- 
tion of . its ;condi^oti^ and querstion. ^ A further iftve^t-igatian- corroborated 
this observation, ' Whea the Reproduction was incorrect the problem was 
generally solved in accordance with ifs reproduction, producing an ^ 
incorrect '&oliition;r often the reproduction waft distorted while the 
solution was correct; and soiiietimes even with a correct re pro duction^ 
the problem was solved incorrectly. In 45eneral, howev^^ the more 
correct the reproduction, the more correct the solution. 

Several smallW investigations are (^escribed, and Kuz 'mitskaya 
identifies the problem types most difficult for the auxiliary school 
pupils and classifies the most- common errors • 

A final ^section on suggestions for improving instruction in arlthmeti 
problem' solving is quite refreshing. Kuz'mitskaya suggests field trips 
to the bakery, the dairy, and other stores to provide experience that 
would help make aritlimetic problems less abstract to pupils. The pupils 
are then given the opportunity to pretend that they are running a store-- 
selling items, measuring, collectinp, money, and making change. ^ Ve^al 
problems are Gradually introduced that make use of the child's experience* 
Gradually the^ientally retarded pupil's problem-solving ability is 
developed by providing concrete experiences and thgn moving to more 
abstract situations. 

Both articles are worthwhile for teachers as well as researchers 
concerned with the education of mentally ret'ardd'd children. 

xiii 



•THE SOLUTION OF, COMPLEX ^ARITHSffiTIC.PRO^Lp^S* ' 
. IN THE AUXILIARY SCHOOL • ' ' 

-—-^ K. A. MlkhalVgkU* * 



Methods of T^e^ching ProHlem So lying, auj^ ' * 
* ] '""^ » ^ V -^^ ' 

. thd Essence/of rtetghoSs "pf Analyzing Jhem ^ 

In preparing the comprehensively developed bjiilders of the 
cocjmunist so'ciety, much attention ip glveti to meutal training. - 
Among tbe methods of^Tnental training, o3;ie *cf ^tjiexbjpst Is solving ^ 
arithmetic problems. In addition ^tb its great practical significance, 
arithme^i^cal problem solving prqmotajs 4:he deiyel^pment Of the pupil's 
speech and thought, attei>rtion, memory and will; it proimtes a con- 

scious mastery of mathematical 'concept's • reflecting ac.tu4l phenomena 

- ^ ^ J' i ^ 

of the real world. Raising the efficacy of the schools «^ork in ' ' 
the area of problem solving is one •of the most important taSks of the '-^ 
methodology of teaching arithmetic. ' * ^ * , ' , 

The published worthy J. V. ^Stalin, j-farxls'm and Questions > of 
Linguistics , marking a' new stage^ l^^e developn^nt of . the, sciences, 
allows a novel approacfh to the ^QSpn^!^^X$.on of .the direction and 
content of tlie methodology of teaching children, Stali|j*s £ndicatio;i 
that language is directly connected wi'th thought and that ''language 
registers the results of mental activity, of the 'success of man's 
mental "Activity, and forms 'them *into words- and combinations of words ' 
in sentences" [5t22] is an ifiltial proposition, presenting the require- 
ments for the type of work being considered. 

Obviously* the only insufficiency i,s that the pupil copes somehow 
with a specific problem In arithmetic with the solution of problems 
and examples. /What he learns — the results of his understanding and 
solving an assignment — should be strengthened in the child's speech,^ 

C3f the Institute of Psychology, Academy of Pedagogical Sciences of 
the RSFSR* 'Published in Proceedings J lzvestlya ] of the Academy of Peda- 
gogical Sciences of the RSFSR , 1952, Vol. 41, pp- 13-78. Translated by 
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In the correct verbal formation of what, he has understood and done* 

Work in developing the chi,ld ' sp^ch and in enricfiing his mathe- 
, matic'al vocabulary should constitute tne of the major pedagogicaCl goals 
in teaching problem solvl^ng to children. fhis«j(^^one of the main 
methods of developing the pupil *s 'thought, ^nd therefore, one of the 
* methods o*f developing problem-solving skills, in the broad sense of • ' * 
the word.' Obviously the giiidingv method.^ f instruction, the methods ' ^ 
. and types, of work on the arithmetic problem, should be those whose 
primary aim is tt> develop the stude;at*s thinking and . those which are 
the most ef fective'^qr attaining this goal! Among the problem-solving 
operations, on© method jof instruction, as we shall see latei;, is the 
preliminary analysis of the conditions. The elabpration of ,que8tio^is •' 
connected with methods of preliminary analysis of the conditions of 
problems, applicable to the auxiliary school, is the main topic of 
this article. 

- In t|^ auxiliary school, the pupils' instrucition in problem solving 
' ^acquires, moreover, its own special si^hif icance. The auxiliary school 
is intended for mentally retarded children— the retardation as a result 
of a disease of the central nervous system. A sharp derangement of 
intellectual activity—of logical- thought--is a characteristic feature 
of most of the pupils of this school. For this reason, problem-solving 
instruction is the most difficult part of teaching aritlimettc In the 
auxiliary school. If a teacher says that a pupil is not succeeding in 
arithmetic, it, usually means that the pupil cannot solve problems. At 
the same time, the solution of aritlimetic problems is recognized, in 
the theory an^d practice ot teaching, as. one of the primary «»ys of pro- 
moting .{.he development of the pupils' logical thought. This type of • 
work is aimed directly at miniiilizing the basic defect in the personality 
of the- mentally retarded; and therefore, in addition to its great prac- 
tical and educational signif icanci , it is an important correctional and 
educative method. Therefore, teaching children to solve problems attracts 
the attention of teacljers .and def ectologlsts . "How can children be 
taught to solve problems', to examine a problem until they come, to a 
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cpnclusion?" This is a •primary, and pbviously urgent, question, heard 

^most frequently from mathematics educators in auxiliary schools. This 

wojrk is an. attempt to help the 'teacher answeir this question. 

y The essential step in solving a problem — ^the preliminary- analysis 

of the conditions — lias been isolated here and given the center of atten- 

tion* For It i§ at this point of ^he work on a problem that the child's 

mental activity i& directed toward the deepest comprehension of the., 

* * 

conditions of the problem, toward ^ ofrgani^ing ^the material, and toward* 
selecting the method of solution; he ascertains the requirement, *or 
question, o"f-<iie problem; he' sort^^ut kno\^ data and establishes their 
connection and relationship; he?" chooses ardtlimetic operations on the 
basis of th^ up.der^tood conditions. ^The':^sult of these kinds of mental, 
activity should be the isolation,..- the *^break<iown, *^ the ''decomposition** 
of a complex problem into a* series of simple ones, that is, the thorough 
preparation b/ a pupil for making a plan and interpreting the written 
solution. • 

As can be seen, analysis of the conditions is the 'basics .step : (l)it 
strengthens the weakest element in the complex problem-splving process 
of the mentally retarded schcfolchildrfen, since it is^ directed against 
a mechanical, insufficiently substantiated performance of arithmetical ' 
^operations, according to insufficiently ^recognized conditions; and (2) 
it promotes the pupil's mental development: and, consequently,* helps to . 
correct the personality of the mehtally retarded child. Remembering 
this, and taking into account the' practical requirements of the schopl, 
the author has attempted to elucidate the difficulties that arise 
during the analysis and solution of complex arithmetic problems by 
auxiliary school pupils, and to note methodological and pedagogical ways 
to^vercome them. 

Concerning the Methods of Teaching Problem Solving 



In the theory and practice of teaching children to solve complex 

^ 1 

arithmetic problems there are various methods and devices used to 
deft/elop the skill of problem solving. (1) It is possible to teach 



\/e shall distinguish between the jnethods of teaching problem 
'solving (the method of analogy , the method of many problems , the 
method of analysis ^ and -the means o'f analysis ( analytic and sjmtlielix 
analysis) . . 

3 



chtldren ta solve problew^ by guiding them along the path of solution, 
using' easy analogous statements and problems. When they have a diffi- 
culty, the pupils are given* an analogous problem that they can, solve . 
mentally. An oxal solution of an easy problem gives the key to solving 
a difficult projjlem. .In this Method, a breakdo\m of the. conditions of 
the problems is not givfen beforeHand (the method of analogy). (2) It . 
is*also possible to teach children to solve problems through the solu- < 
tion of a' great number of problems of gradually increasing difficttlty 
(fhe niethbd of many problfds) , without resorting .to* the methods, of, 
,ana^(^gy or analysis' of .t>e 'conditions'. (3) It is also possible to 
^each children t<^ solve .pr6bl ems thrdtigh a' preliminary analysis of 
the conditions of the problems (the method of analysis) . 

When one of the above mentioned methods is emphasized, a unique, 
skill in problem solving is developed in the children, qualitatively ^ 
different from one developed using a differAt method.. Thus, taught 
by the method of analogy, the pupil tries t\thi-nk of an easy problem 
analogous to th^ original one that is giving him trouble, often on 
the basis of external similar and random features (words, statements,/ 
situations) , without a profound understanding o.f the seq^e of the 
problem proposed to^him. He tries to recall, to reproduce in his mind^ 
a known solution of an easier problem; -in other words, he approaches 
the solution of the problem, not on the basis of a profound and.completf 
-realization ^f the conditions, but rather by a mechanical transfer of ■ 
the method of solution of a known easy problem. Therefore, the frocess 
of mental reproduction plays a leading role, and narrows fche possibili- 
ties for creative activity. , 

In teaching children by the method of many problems, there is dan^ 
ger of their developing habits of solutio^i basec} on mistaken ideas. We 
find confirmation of this statement in the psychological investigation 
, of F. A. Shevarev [4]. He writes: 

'Mathematics teachers often assume that the independent 
solution of many examples of a single type in succession -. 
promotes the strengthening of the corresponding correct 
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skill,' But ia reality something different occurs — condi- 
tions are created under which it is extremely possible 
that a mistaken connetition may arise.2, 

Since the pupil does not dwell I6ng enoug^^n the conscious mas- 

ir^af^the conditions in soling a laijge number of problems, he be- 

co;aes habituated to an ins tine tive, automatized solution of problems 

without the requisite ^analysis, and understanding of the conditions. 

Moreover, the solution of ^ great fiumber o^ examples and problems of- 

the same type suppresses^ the aQtive operation of the pupil s thinking. 

The pathological basis for such a phenomenon was discovered \)y I. P. 

Pavlov [3:348]. ' ' - * ' ' . * . ^ . 

. / — • • ' . ^ ' 

Qualitatively different from the preceding is the problem-solving 

skill developed in children by instructing them in the prelimitiax;y 
.analysis of the conditions of the problems <to be solved • A pupil's 
mental 6- activity is directed here toward ay complete, profound recogni- 
tion of the conditions and toward the abjl^lity to draw a correct con- 
clusion from whai is understood — to note the correct method of solu-- . 
-tion* Such instruction makes it possible to develop problem-solving 
skill ia the broad sense of the word — to master devices for a consciou 
approach to the solution of problems^ devices of creative thought. 
&ecoiiimendations for a definitivt analysis of the mutual relationship 



between the methods of instruction is" found in the resolution of the 



Central Committee of the Communist Party, '^on the Elementary and 
Secondary School,'^ which says ''...no one method can be recognize 
the..basic and universal method of studies....**^. 

Actually, strict application of only on$ of the investigat*^ 
me^liiods of teaching problem solving is. not only inadvisable, 
impossible , as well. Thus, for example, the method of a preliminary 




2 

Connections are what Shevarev calls unions of psychic processes, 
in which the first element of such a union is either recognition of 
the general characteristics of a' specific part of the giyen conditions 
or ' recognition of the general characteristics of the operation just 
performed; the second element is the orientation to th^ performance 
of a specific kind pf operation. 

3 

Resolution of the Central Committer of the CoT]6nunist Party of 
the Sovigt Union of 5 September 1931. 



analysis of the conditions requires the solution of gire^t many prob- 
lems, as well as the Solution of problems analogous to a given problem ^ 
which' facilitate solution jof the latter* a Also orfe cannot imagine teach- 
-ing problem solving treating all the emimerated^ methods as equivalent — 
necessary and Useful to an identical^ extent. Obviously, pr^erence 
should be shown to the most effective method, at the same time redog-- ^ 

" nizing other methods. Th^' selection of <the method is to a great extent 
determined by the problems which face the school. . ' * , * 

J American bourgeois investigators "prove" 1^ their works the pte- 
dominance of the many problen metliod, belittling 'in every way the- method 
of analyzing t^e conditions; they try to jjustify using the many problem 
methodU*^:^ the Americaii school and to hide its utilitarian nature, ' » 

'Unlike the narrow practici^m of American investigatoirs , who are 
more concerned about developing, the automatized skill of problem sol- 
vJ^g in ychoolciiildren, Russian methodologistd of the prer evolutionary, 
and especially the Soviet, period have as their goal the development of 
the ability to reason, to approach a solution on the basis of profoundly 

: recognized conditions, training ^ "creative,^|||j^as of thought/'. To 
attain these goals, t\\e most expedient method, as we have seen, is that 

. of analyzing the conditions. And actually, when used with others, the 
method of a preliminary analysis of the ^conditions is recogn^^ed by 
most. of our native authors as the fundamental, most effective method. 
Thus, pur Wssian methodology of aritlimetic appeared at the very begin-- 
•ing of its development at a more advanced posTtion than contemporary 
(par ticularly* American) reactionary methodology. 

The Essence of the Methods of^ Analyzing Complex Arithmetic^ Problems 

After becoming familiar with the conditions of the problem, the 
pupil approaches its analysis* In analyzing the problem he comes^ to 
unde|stand the interdependence o/ the d^ata; he establishes their inter- 
.depHtdence; he draws a conclusion on the basis of a series of facts; 
he asks questions and chooses a means to answer them. Through analysis 
the complex arithmetic problem is broken down into a series of simple 
dnes. All this work is conducted in class under the teacher *s super- 
vision, ^^^^dually understanding the idea of the problem and the ways 



ta solve It tihroii^h communication with the teacher, the childrto learn 
to express what they imdeirstaad; they, learn to formulate and state 
their ideas.. Here, by working on the child *s speech, .the teacKer is 
. • ' working also on the development of his tlilnkiiigY *. 

An analysis ^*of W^iroblem may be made in' t^o ways — synthetically 

and analytically. The essence of the synthetic method of analysis of. 

ift' - 4 ^ ' 

complect ari time tic problems 'consists in extracting simple problems . 

from a complex problem on the basis of data taken Ifrom the conditions » ' 

or obtained in siii^le pr9bl&ns formulated earlier. The question is 

selected for the data. Extraction of simply problems ffom *a complex 

otie thu^ goes according to- a patter*n: ^knowing speqified data, one . # 
\ — ♦ ^ * , • 

can find the unknown. The composition of simple problems, together , 

with thfeir possible solutions, is continued until t-he last simple ' • 

problem coincides with the question of the complex problem. 

The essence of the analytic method of analysis consists in de- 

com|)osing a comple^ problem into simple ones, beginning not with the 

data (as in synthesis) but vlth the question of the problem. The 

data necessary to answer the question of the proSlepi are determined 

in one operation. In this, one and sometimes two given elements are 

unknown and are the basis for stating the question in composing the 

» next simple problem* The data are selected foi? the question. Extrac-- 

tion of ^simple problem^^ from a comple^ one thus -goes according to a 

pattern: tp find the unknown, one must know the specific data.. The 

composition of simple prdblems by select;{.ng da'la for the question is 

continued as long as i^ is impossible to solve the first simple 

problem. ^ 



4 > 

Note , As can be seen, the term "synthetic** method, whose essence 
'consists in decomposing an integer into its parts, complex problem 
into a^ series of'-siraple ones), does not correspond to the scientific 
(philosophical,- psychological) understanding of synthesis as a combi- 
nation or summation of an integer from its "parts. However, the compo- 
sition of a simple problem by the synthetic method of ana-lysis pri- 
marily requires application q£,a synthetic method of thoirght (the 
^unif ication of numerical data for the composition of a simple problem) . 
* ' Moreover, by this method of analysis simple pt-oblems are extracted in 
the order in \^iich they will be needed to compose a pattern and con- 
sequent solution. This is why such a method of analysis is called 
"synthetic," Although we recognize the i^ioncorrespondenq^ of the term , 
with the essence of the ^synthetic method of analysis, we nevertheless 
i. retain if, so a^^ot to ^b ring confusion into this discussion. 
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Each method of analysis calls more than the ailalo^cal method | 

of thought Into operation* In the synthetic i^ethod of analysis, ^ust j 

as ia the analytic method, there occurs a» complex mental process, 

.V .1 
.which certainly includes both synthesis and analysis. 

'F. Engels writes: * ^ 

*• * , 

V Thought consists as much in analyzing objects cf rfecognition ^ 
« into their elemepC^^ as inr unitijfi the interrelated elements. 
There is nc synthesis without analysis [1:40]^ ' 

^ In Russian physiology, the* works of its founder, !• P. Pavlqy., * 
**alscr establish' t^e unity of analysis and synthesis, effected by the ^ " 
large hemispheres of the cortfex, a unity of 'the closed and £ti^Xyz±n^ ^ 
apparati, Pavlgv says that ' operation of the ^arge heiiispheres is , • 
reduced to *.' , ^ ^ > • / ; ' 

, " ■ ■/ ^ • ■ . ' ' \ V • . - , ' 

constant analysis and synthesis of the" irritations coming 
from bot,h the external surroundings (this mainly) and 
within the organism . . . , The essence of the work of ^ 
the cortex consists in analyzing and synthesizing the ^ 
entering irritations [3:372]^ * 

"Synthesis and analysis of conditioned reflexes (associations)," 
.writes Pavlov, "are essentially tiaose same fundamental processes, of 
our mehtal activity" [3 ^238^ ^ J 

ilQwever, the unity of analysis and synthesis ifv the pMlosophir 
cal, psychological and physiological jense of the word cannot 
■ automatically translated into methods of analyzing problems— the - ^ 
synthetic arid the analytic methods—predetermining their correlations - 
in the pedagogical and methodological format. Ttie cbntijcu^^us link of ■ 
analysis and synthesis 'only helps us in more thoroughly studying the 
* ^methods of analysis, th^ir peculiarities and the difficulties of each 

of them. ■ . 

\~ . In the theory and practice pf teaching children problem solving, 
4 ' it is known,^ for example, ^hat different methods of analyzing a jSr^b- 
" lem are not identically assimilated by the children; it is muchaasier 
for them to use the synthetic method than the analytic method of ' 
analysis'. One of the reasons for the relative ease in using the » " 
synthe'tic method is that pupils can deduce on the basis of concrete, 

t 

8 



ERIC 



contampla tad .facts, and/or data of the cd^lditions of a problem, while 

in analysis the pupils* reasoning begins with the imknoWii, from the 

■ » <t 

question of the problem, for whose answer ^ere is always only one . . 
(and* Sometimes not even one) datum* The child makes a series of^ 
deductions (especially the initial one^) without the '^pport of. con- 
crete data.- For the child it is much more difficult to':?ind premises 
for deductions than to draw coilciusion^ on the basis of the factSvat 
handi Thus, th^ most difficult part of mental operation in Solving' 
problems — finding premises, or data, for deductions — »is left for the* 
ch^.lc^ to do almost entirely in a statement of the question following 

^the analytic ^let^iod of analysis. The teacher. says (^na^yzing a prob- 
lem in Aass) : • ^"What data must be found? What must we know to answe;f: 
the question?^' (For a deduct;Lon,^ its piiemtses — the data — must be 
sought out), m the synthetic method of anafysis, however, the teacher 

\a6ks what may be lean^ed if we know sutih -and -such data (the premises 
or data are indicated .b^ the teacher and a deduction must ibe made from 
them) . - ' 

Tlie "train of thought" in the synthetic metlpd of analysis is 
simpler, since here the whole problem is not being solved, but -only 

part of it, and this part is often viewed without connecting it 
wiJih the total content of the problem. In the analytic method of 
analysis the pupils must evince an ability to isolate simple problems 
with a definite logical connection and interdependence. In the synthe- 
tic method of analysis the simple problems are isolated without commoiji 
guideline^ and the work lis^ no integral character, "^ut in the analy- 
tic method the reverse' is true — all the work has a more sensible, 
integral character; a chain of logical deductions is created • 

Moreover, the ease of the syntheti^c method is enhanced by the' 
technique of solving the problem. , In the synthetic method a simple 
problem can be solved immediately upon its extraction from the complex 
one. Solution of the problem may parallel the analysis,. But in the 
analytic method of analysis, one must e^^tract all simple problems from 
a complex one, establish the order of their solution (compose a p^n) 
and, only after this» may one approach the solution. In other words, 
when different methods of analyzing problems are used, mental operations 
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are performed whie^^' are' somewhat' different in scop4 and nature, 
fact which4i raises the question ijST the i|teerr^elationship of the methpds 
of analysis in teaching ^childrep to solve problems • It must be said 
that there wetre'^no experimental data to answer ^thi^ question! Every 
methodologist begati primarily from his 'own per^nal experience and that 
of his predecessors • Never theleas^ the ^elaboration of the methodology^ 
of problem striving Idvanced. -In our dissertation -we follow the develop- 
ment of the ^pic,- beginning wit;bt the first stat^ents concerning methods 
of solving aad' analyzing pi;oblems jnade by P. S» Guryev, V. A- Evtushevskii;. 
and V» A*. Latyshev;iwe examine fervent statements in favor of the analytic 
method of analysis, voiced by A» I. Gol'denberg and Shpital'skii; 
statements by the outstanding methodologist of the nine1?eenth ^nd twen- 
tieth* centuries, F. I. Egorof,' who recognized bSth methods of analysis; 
the ^riginal and unique opinion of s\ I. Shokribr-Trotskii, who rejected 
both methods of analysis; and , the further development of the problem^by 
prerevolutionary methodo.logists V. K. Bellyustln, K* P. Arzixenikov, and 
F. A. Ern. Finally, we end our survej with an analysis the positions 
of contemporary authors of methodological works in arithmetic for the ele- 
mentary and auxiliary schools . 

- In discussing the epi^temology of Russian methodology of problem 
solving, we ^art with recommendations of the founders of Marxism- 
Leninism concerning the relationship to the historical heritage of the 
past. Guiding us are the historic decrees by the Central Committee of 
the Communist Party of the Soviet Union concerning ideological questions 
which reveal the causes of errors and misinterpretations in 'ideological 
work* Holding to the principal positions coming out of the resolutions 
of the Central Committee, we have attempted to: 

a) extract what is progressive and valiiable in •the methodological 
compositions on arithmetic by Russian authors regarding questions of 
teaching the methods of solution of complex arithmetic ' problems ; 

b) indicate the positive influences on the formation and subse- 
quent development of original Russian theory and practice of teaching 
the methods Of solutibu of arithmetic problems. 

In their development of questions regarding the solution of 
complex arithmetic problems, Russian authors have formed a unique 
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methodological notion ^ose ch^act eristic features are: the use of 
simple unaffected methods of solution; the ability tb b^gil^ the 
solution from a clear, profound and complete under sfiandii^ of t?he condi- 
tions of a problem; the inculcaeion of devices ofi^reative thinking ;^ 
the presence of imaginativ^neja^ and independende. 

As early as in the works of ?• S. Gur'ev, the founder of /Russian 
arithmetic m^thodblogy, we* find an acute censure of mechanical iky akd 
banality in t^eaching children probl^ solving,* a statement against tte 
memorization of special deyices and methods of solution, Against' use: 
of "particular isechanisms" in solving problems, etc, Gur'^v, opposing 
the mechanical Habit of solvdLng problems, recommends'" trainliig children 
in "reasoning ability , '•^ and gives in his Handbook "patterns of reason- 
ing" in problem solving. In the author *s opinion, a chil,d should not 
memorize prefabricated methods of solution, but should teach his-^nd 
"to test its st,rangth from the early years •" Guryev stresses the 
development of creative spontaneous activity and independence in chil- 
dren. These orogressive ideas of ,his; expressing the do^iifitism 
reigning in the school at that time, later had a positive infji^uence on 
the development of the Russian methodology of arithmetic • Most of the 
later authors, in elaborating the questions of teaching childr^en problem 
solving, concentrate on developing the children's ability to reason, 
or, as Gur'ev liked l:o say, "to conduct the whole solution by in^tellect," 
To^attain this goal,, the Russian methodologists 'first posed and success- 
fully resolved a ^serifes of problems in t^eaching problem solving, and 
pointed out various methodological means and devices. 

V. Evtushenskii first pointed out the essential requirement of the 
problems presented to the child — their concrete content' should cprres- 
pond to real life situations familiar to the child — and the great impor- 
"tance of diversity in methods of solving problems — the replacement of 
one device by another, etc. ^ ^ 

V. Latyshev opposed mechanicality in teachings children problenf 
solving more substantially and more strongly than did others. He first- 
pointed out the most powerful way to fight the mechanidaj. habit of prob- 
lem soLying — analysis of the conditions>(^f the problem. This is the 
greatest achievement of Russian methodological thought. The leading 
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methoJBPteacW-ng prbblea soivingr, which ''ttas- beei^ strengthfeped 1 

conditiins. ' % - • • 

After paty^hev had eB^^blisHed and^^phasized the ijnport|nce of >^ 

'the analysis of' the 'conditi5ns\ in'deve^oplng .f^rm srlcill'iri sdlvin^' 
problems, the methodolog^sts ' aspirations .v^re directed |:6ward the 
more feilcitous use of inethod.s of analysis, 'toward increasing their 
ef flcacy.^'~Affion»*the pedagogs' and m^t^odologlstf. r^here ^efe diverge 
oplivJ-Ons concem^g . the 'Methods of'^tialysU. Ey^n when tjie iS^thod of ^ 
analysis was being originated,. ttJe^ iollowera of the predomi- 

nantly synthetic method (V. Lat^shjev, K. :Arzhaniko^>.and fdl^w|rs of 
the predomlnai^tly analytic mer^hod)<A. Gol'denberg, E. JShpiCal^ skii) 
However, the farther the /JevelOptoenS of prpblem-sdlving. metho- 
dology went, the more clearly did the^ methodological belief in the 'rtecess-^ 
ity'of using both types — the synthetic and the 'analytic — prevail. ,The 

•"equivalence" of theae methods was acceJPted by most authors. We find 
statements to this effect in the writ;lngs of Egorov, V. EytuSh^nskii,- 
V. Bellyustin, F. Ern, e't al. * Combinations of both methods ofi/ analysis were 
viewed by them as more useful than either one alone for developing the » 
pupils* thlnk^g and 'for developing 'firm skills in solving probl^. . | 

Skill in solving problems was understood by these^authors as the 
inculcation of devices of creative thinking. The 'analytic method, of 
analysis was shown to be the most powerful for attaining the ^ 

goal of developing th^ mental c&pability of pu?^, but the signifi- 
cance of the synthetic method was not? diminished.^ Children^hould be ^ 
trfnght both. analysis and synthesis. 

•••in their consideration of the question, the authors of the Soviet >^ 
period carried out further xlevelopment , much better than had been 
formulated by authors of the prerevolutionary period; the leading • 
method—the method of preliminary analysis of the conditions— was estab- 
lished to be the most expedient method of teaching problem solving, and 
a more felicitous correlation of the methods of analysis— synthetic and ■ 
analytic— was established; the ways and time of using the methods ofi 
analysis were also aseerlained, increasing^ their ef^cacy In teaching 
the children, 
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In contrast to the foreign bourgeois "theories" of the develop- 
ment mechanical skill in solving problems > methodologists of th^ 
Soviet period supported , the Ldea of the development of skill in^the 
creative solution of questions, -on the basis of a profotind and complete 
und^standing of the conditions >^ or as the* develo^men^'bf skiil pn the 
basis pf the comprehensive development of pupils* mental capabilities. 

The Soviet m'ethodo logical ^fiction, at^the very begihning of its 
development, led the relentless'^struggle Vith reactionary Anglo-American 
utilitarianism, narrow practicalism,and narrow-minded attitudes . -The 
positions of Soviet, authors , perfect in pflncip*^7 wereN;^ focus of ' 
attention in teaching children the , preliminary^ i:tethcd. of analyzing the 
conditions of/p^obl^s, that is, in that 'method of instfuctfidn which is 
ignored or wholl^rejected 4^toArgeois investigators^^jmT U considered 
'^ei^ess ornamentation" (Thorndike) . 

The preliminary analysis of the conditions is considered by faodern 
Russian methodologists the principle step in solving probl^s. ' It 
permits-^the attainment of the educative and practical goal of arith- 
metic instruction, permits the promotion of 'a thorough mastery of mathe- 
matical concepts and forms, which reflect the real phenomena .of the 
surrounding world, and thereby hftlps in The development of the pupils' 
dialectic thinking. The problem-solving process Is regarded by 
contemporary authors as a complex analytic and synthetic process • 
Synthesis and- analysi^appear here as two aspects of one cognitive 
process. 

From this dialectic position the authors draw the following metho- 
dical conclusions: I, N. 4Cavun, N. S. Popova, E. S. Berezanskaya 
recommend the analytic-synthetic device primarily, while not excluding 
the indivl^dual use of both synthetic and analytic methods; N. Nikitin, 
*A. S. Pchelko, V, L. Emenov, V. T* Snigirev,and Ya. Chekmarev 
•recommend the Individual use of both methods. By such instructions in 
problem solving the authors consWer it possible- to direct « their atten- 
tion to making first one and then the other method (synthesis or 
analysis) the major, "stronger," leading method. By this they presume 
to teach the children to use both synthetic and analytic methods of 
thinking* In connection with tlUs approach, N. N. Nikitin, with the 
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strongest detexsatiatlon of the Russian authors, supported the use of 
both methods of analysis. in the first year of studying the solution 
. of complex arithmetic problems . ^ 
: In the auxiliary school the problem of mental development is«most 

clopely related to the problem of correcting the personality of the 
child. The analysis of the conditions as the step most important .for 
the pupils' mental development in solving problems is -recognized as 
the leading methQ<^ of instruction in the auxiliMry school (N. F. 
Kuz'mina-Syromyatnikova). Both methods of analysis are recoranended 
as necessary for use at the beginning when tseaching children to 
solve complex arit^imetic problems; in grades 4-7 preference is'given 
to the analytic method of analysis, which is more Important than the / 
synthetic method in the pupils* mental development. 

In Table 1 one may see the firmly established methodological line 
on the correlation and' time of application of the methods of analysis. 
Taking into account data from our investigation of the literature, 
constructed an experimental study of the quLtion, and/we now begiii Ihe 
presentation of its results.- • \ 
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TABLE I' 

METHODS (»• ANALYSIS AND THEIR USE IN INSTRUCTION 



» 

f 

Author 

— * — 


Preferred 
Method of ^ 
Analysis 


Year of Instruction 
for Which a Method 
is Recotometided 


A s A,s 


1, 2 ' 3 4 


Evtushev^kli, -v. A» 


A.S^ 


S a2 


Latyshev, V. A. 


' S 


S s s S 


Col'denberg, A» I. 


A' 


A A A A 


"^Shpital'skil^ E. 


A 


A A A A 


Egorov, F. !• 


S,A 


^ A 


Shokhor-Tro tskii , S . I • 


Rejected the methi 


pd of analysis 


Bellyustln, V. K. 


S.A - 


S.A S,A- S.A S.A 


•Arzhenlkov, K. P. 


- • s 


S S S S 


Em, F. A. 


A.S 


. S 's,a3 A.S A.S 


Volkovskii, D. L. 


S.A 


S S.A A.A S.A 


Kavun, I. y-Popdva, 
N.S. 


A-S 


A-S A-S A-S A-S 

. \ %- 


Berezanipkaya, S» ^ 


S-A 


S-A S-A S-A ^-k 


Emenovj V» L. 


A.S 


S,aS S.A S.A 


Nikitln, N. N. 


A.S 


A-S A,S, A.S A.S 


Pchelko, A.S. 


S.A 

M» 


S y S J S 2 S ^ .A 


Polyak, G. B. 


S,A 


S,A S.A S.A S.A 


Snigirev, V. T. & a 
Chekmarev, N» F, ' f 


I 1 


S.A^ S,A S,A A,S 


Kuz ' mina-Syromya tnikova , 
N.F. . 




S y A^ SyA ApS AyS 
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Key: A « analytic, S - synthetic, A-S ^ analytic-synthetip^, 
S~A * synthetic-analytic. 



Notes: 



1, 
2. 

4. 
5, 



6. 

7. 
8. 



Evtushevskii calls them "first and second devices of solution.' 
From synthesis, gradual transfer into analysis. 
Analysis of problems already solved by synthesis,. 
And preparation for analysis. . 

In the beginning of the year, analysis of problems previously 
solved by synthesis, at the end of the year, analysis may 
not be preceded by synthesis. * 

Partial, abbreviated analysis and* analysis of problems 
not already solved. 

Analysis of problems previously solved by syntheg^is (before 
the end of the third year of instruction) . ^ 
Instruction in solying complex problems is begun in the 
second grade of the auxiliary school. 
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Characteristics of the Analysis and Solution of Arithmetic 

Problems by Pupils of the Auxiliary School - , 

^— S~ r 

(Summary data of the Experimental Research) ^ 

Methods and Results of the Experimental Research 

Finding the difficulties encountered by children who have a sharp 
disorder of -^intellectual operatioi^ which involve a complex mental pro- 
cess such as that of the solution and analysis. of a problem, demands not 
so much quantitative as qualitative analysis. Children often arrive at 
identical solutions (correct or incorrect)^ by various routes. Accenting 
the qualitative analysis, we are limited, therefore, to a relatively 
small number of pupils (26) and problems they solved (a total of 521 
solutions wer^ obtained) - 

Following one of the main didactic principles of auxiliary Instruc-- 
tion—the principle of the Individual approach — we took children with 
* various symptoms for our studies; 

* a) children with Inborn feeblemindedness — oligophrenia, the in- 
complete development of psychic processes caused by prenatal brain 
damage or brain damage In the very earl%st stages of development; 

b) oligophrenic children suffering from additional brain damage 
(Infection, trauma) ; 

c) children with cases of acquired feeblemindedness (8 person^), 
diagnosed as the result of sustained brain damafe (infection, trauma), 
characterized by a sharp distortion of the psychic processes (predom- 
inantly Intellectual processes) . • 

'Individual lessons were held with pupils v^o 1) had just begun 
systematic instruction ii> solving complex aritlimetic problems (grade 
3-b), and 2) had already had experience In solving complex* arithmetic 
problems (grades 5-7) . To f acilitatei greater accuracy lU comparing 
' results of solution, we took pupils from each grade who were excellent, 
' average, and poor problem solvers. The same problems were given to 
all the pupils in a single grade. In selecting the various ^pes of 
problems to be given each pupil, one aim was pursued — to follow, as 
completely as^ossible, the analyzing process. For this we considered 
it necessary to make a prellmifiary study of the elements comprising 
analysis (analysis and synthesis) and the processes with which analysis | 
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of a problem is xaost tightly linked (the processes of solving and 

A 

recognizing a problem) . 

We made it our primary goal to ascertain how pupils are able to 

solve problems without Interference by the teacher • Does, the pupil 

understand the idea of the problem, or its differences from other 

. problems? With this in mind, we composed the first series from the 

following four types of problems: 

' 1* ordinary problems, of average difficulty, familiar 
, to the children from instruction, * ^ ' 

2* problems with insufficient nutoerical data, 

3. problems with superfluous numerical data, and 

4, problems without numbers.^ , ^ 

As can be seen, along with ordinary problems that are solved 
daily in cla^s (problem 1), we proposed problems of a new type (2, 3, 4). 

The idea is that in solving unstereotyped problems the essence of 
the solution process and the peculiarities of the child's ^rain of 
thought are profoundly revealed. We shall see below that the differences 
in children's solutions, which escaped us during their solution of 
ordinary problems of average difficulty, come to the surface as soon as 
the children begin solving problems with an altered form or content • 
Moreover, the aggregate of problem solutions of series I serves as 
supplementary material for the study of the fundamental question of the 
experimental investigation — the synthetic (problem 3) and the analytic 
(problem 2) methods^ of analysis. 

Before solving the problems of series I, the children were given 
identical instructions to ^'solve the problem aloud," but the fteacher 
did not repeat the request if it hindered the pupil in Solving a problem. 
The pupils* solution processes were recorded. ^ 

Before approaching the study of the very process of analyzing com- - 
plex arithmetic problcuns directly, we learned how pupils do the assign- 
ments which are the basis of analysis. With a view to this we composed 
two more series of assignments, II and III. 

In the second series of assignments we gave questions from which 

■ it was necessary to select numbers and solve a problem. An aptitude 

more necessary for the analytic method of analysis was evinced here. 

In the third series of assignments we gave Only conditions without 

* 
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questions. The pupils were required to state a question fitting the 
conditions and to solve the problem. Here it was possible to observe 
one of the. major steps of the synthetic method of analysis. 

' In the four^th series of assignments conditions 'of problems ordi- 
nary (curricular) in their mathematical content and form were actually 
analyzed. Here it was possible to observe the entire process of 
analysis' directly, as well as its influence on success In solving a 
problem following the analysis. ^ 

The Solution of Ordinary Problems Familiar from Instruction^ Problems 
with Insufficient Numerical Data , Problems with Superfluous Numerical 
Data , and Problems ' without Numbets ^ 

Third Grade (series I.) 7^ 

The third grade pupils were given «t he following problems: 

1. Forty-five Pioneers went off to^ camp along with 
23 fewer Octobrlsts.. How many children went to 
camp? 

V 

2. Someone bought 15 albums at 5 rubles apiece and 20 
pencils. How much was the total purchase? 

3. In a basket there were 75 lemons and 25 oranges. 
45 lemons were sold.^^ow many lemons were left in 
the basket? 

4. Pupils were sitting at their desks. One pupil sat 
at each desk. One half of the desks were not 
occupied. How many more desks were thete than 
pupils? 

♦ Problem 1 was given in usual form, familiar to the children 
from school instruction. Problems 2,3,4 were n^w for ^e children; 
as a rule such problems are not solved in school. Of tt^^our problems 
of series I, problem 1 was most successfully solved; next came problem 
3. Only the best pupils could solve problems 2 and 4. 

All the children except Sveta P. an^ Lena answered problem 1 
correctly. Despite the identical answer, however, explanations varied 
for the correct solutions. Lesha^S., Yulya S., Nina K. , and Vera 
explained their solutions more precisely tlian the others and asked more 
logically appropriate questions. Yulli P* and Valya Ch. could not 
explain their solutions, although they were also correct. Sveta P. 
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did not explain her Irong solutiibn* What is the >rea8on for this? 

'We can find a partial ans\^r to this question by analyzing the 
course followed by the solutioAs. It a^ppears that the children came 
to identital results by different routes, by^netrating-the idea of 
the probiem in different wayi. The pupils who we^e unable to explain 
\heir solutions generally rolled, in the solution, not on tl^ concepts 
of the conditions, the connection arid dependence between the data, but 
on the performance of ariffinme^tlcal operations in a stereotyped pattern. 
They hurriedly used one OTepared schema, taken f^rom the solution to 
problem 1, to solve all &he problems* In other words, independently 
^rom the conditions of zki^ problem and its question, they p^jrformed 
the same operations wiflh numbers and took them from the conditions in 
precisely the same or^r. Their success or fa^ure in the solution 
depend^ greatly on wie extent to whiclj the selected ordei of arith-* 
metical operatidns satisfied the solution of *the given problem. In 
this the pupils help. to the stereotyped solution so much that they 
were unable to leaye it, even when there was no numerical data and 
appropriate stoty pjx the conditions for using the chofien stereotype. 
Then the data were either invented or used twice, and the problem was 
still solved in ^ts conventional pattern,^ Such solutions were given 
by Yulii P., Va^ya Ch*, and Sveta P. 

Valya Ch > , ' copying the stereotyped pattern, substituted the main 
question of the problem for the first question, and the last words of 
the^conditions (those preceding the\iuestion of the problem) for the 
second: ^ 



Correct q^uestions (problem 1) 

1) How many Octobrists went 
* off/ to camp? 

-2) HOW many children went 
off to camp all together? 



Questions stated by Valya Ch . 

1) "How many children went off* 
to camp?" [Copied from the 
conditions,.] 

2) ^"Wlth 23 fewer Octobrists." 

[Copied from the conditions.] 



She also stated such questions in her incorrect solution^ to prob*- 
lem 3. It is characteristic here that the child's first reasoning 
was more closely connected with the conditions o'f the problem^ But 
the more she struggled with the solution, the further she strayed from 
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the conditions and the more fl^jcp^Ly fixed she became on the course of 
the chosen stereotype.^ In such'^a case (if the plan used by the pupil 
diverges from the correct one) tHe >solution does not correspond to 
the conditions of the problem, the ^uswer obtained does not answer 
the qii^stion of the problem, and tlie N^olution is explained incorrectly* 

Sveta Ft , the poorest pupil, t^ed'^^Jie same' stereotyped pattern 
for the solutidnS>f all four problems, mV^ \^ti4bborniy and consistently 
than did Yulii P, She could not explain a ^i^fele solution correctly, 
including those solutions coincidingj^ith th^ stereotype and, hence, . 
accidentally correct (solutipn ofjbhe second c^estion of problem^l 
and the second question bjE .problem 3). Sveta Pt's stereotyped 
character o£ the solution is obvious when the following four problems, 
different in content and foi^, are compared? 

Solution to problem 1: 1) 45 Pioneers + 23 Pioneers " 77 Pioneer 

1) There were 77 Pione^s 

2) 45 Pioneers - 23 Pioneers - 32 Pioneer 
2) 32 Pioneers I 

Solution to problem 2; 1) 20 pencils 4- 5 pencils - 25 pencils 

1) 25 pencils 

2) 25 pencils - 15 pencils * 10 pencils 
2) 10 pencils 

Solution to problem 3 J 1) 75 lemons 25 lemons - 95 lemons 

1) 95 lemons . ^' ^ 

2) 75 lemons - 45 lemons * 12 lemons 
2) 12 lemons # 

Solution to problem 4: 1) 12 desks + 2 desks «- 14 desks 

1) 14 desks 

2) 14. desks - 4 desks « 10 desks 
2) 10 desks. 

It is not hard to see that, despite the completely different con- 
ditions, the solutions to problems 1, 2, 3 and A are similar and are 
performed according to the following stereotyped pattern: ^ 

1) From the conditions two nuicbers are taken and added. The • 
first question in all 4 problems is answered thusly, despite the^ fact 
that to answer the first question of problem 1, subtraction, not addition 
is needed; for problem 2, multiplication; for problem 3, subtraction; 
and for problem 4, if it were to be solved with numbers, division. 
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2) Then' the third number, heretofore unused in the problem, is 
subtro^cted from the result obtained in 1. If there is no third number 
(problem 1 has only two numbers), slubtraction is performed using the 
same nmnbers as in the addition. or an invented number is subtracted 
(pro^blem 4) . 

Thus to* solve a 'problem according to a stereotyped pattern, the 
numbers alone are taken from the conditions. Further, the solution is 
carried out almost independent of the given conditions of the problem 
or of its main question. But if no numbers ar^ given in the conditions, 
the conventional solution has no relation to the proposed problem 
(problem 4) . Of course the results of the solution o^^ined in this 
manner cannot be explained; actual.ly the subject has not -stated a single 
question in the solution. 

Lena S., Yulya S., and Nina arrived at a solution by a different 
route. Even the we^est of them, Nina P., brought her solution into 

« 

closer, and more precise, agreement with the conditions of the problem. 
She tried .to base the solution upon- the relationships of the data and ^ 
the question of the problem. In accord with her work, she recognized 
more fully the conditions of the problem and made the questions more 
precise: *'l found oih: how many... Pioneers... went off- all together." 
She read the conditions, thought a little, then correctly explained the 
solution: "How many Octobrists and Pioneers wenV-Al together?" 

Thus we see qualitatively different beginnings xp the pupils* 
skills in solution being formed: 

a) Some pupils quickly learn from instruction a definite model 
for the solution of all problems, changing it little to conform to the 
conditions of a problem^ and if they do change lit, they do so on the 
basis of the external, formal features of the conditions (Yulil P., 
Valya Ch. , Sveta P. ) . 

b) On the other hand, others try to understand the conditions of 
a problem and produce a solution as far as they are able. They take 
fewer unsubstantiated and misunderstood steps and perform fewer opera- 
tions which they cannot explain (Yulya S. , Lesha S. , Nina P.). These 
pupils also evinced a weakness — but a different kind — in the solution. 
A complete, profound understanding of all the conditions of a problem 
was still not always accessible to them. The understood separate re- 
lationships were not interconnected in the general plan of the solution 
to a problem. Sometimes (when sod?ving a tiew and difficult problem) the 
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parts* of the conditions which are correctly understood are not enough 
to solve the whole problem. In such a case the pupil carries out the 
solution according to the recognized part, without finishing it and 
without answering \thG question of the problem. Along with these 
differences, there is a common feature characteristic of all pupils, 
a point at which their paths of solution converge: 

• a) All pupils begin the solution by using the arithmetical v^pera- 
tions and numerical data as a guide, and giving little attentk)n to 
the question of the problem* Some combine the numerical data existing 
in th^ conditions according to a prepared stereotyped pattern, while 
others*, guiding themselves by numerical data and*" trying to understand 
the relationship between then, construct a plan of solution which is 
new and original in each problem* In the latter case the recognition 
of the conditions determines the course and the result o^ the solution* 

b) If the pupils come to understand the conditions and the plan 
of solution of the problem, it is only as a result of carrying out individual 
solutions of question after question. Thus the questionf of the problem 

C 

is realized post fac turn — after the solutions possible from the conditions 
have beein carried out. Thus the question" of the problem is stated, 
depending on how it is obtained, after the pupil has blindly solved all 
possible individual simple problems. 

There is a greater possibility in problem 1 of reaching the answer 
to its question by combining numbers according to a prepared, already- 
master ei Scheme of solution, as well as by a more conscientious solution 
of consecutive questions. This is because in the first case the 
prepared, mastered solution pattern coincides with the plan of solution 
of problem 1, which was given in the usual form, and in the second case 
both possible solutions eventually lead to the answer of the question 
of the probleift. ^ere are fewer such possibilities in problem 3, even 
fewer in problem 2, and none at all in problem 4, since in its conditions 
there are no numerical data which, on being combined , ' could be fitted 
into a pattern or could be used to answer the questions blindly. 

Primarily for this reason the problems fall into a certain sequence 
(1, 3, 2> 4) according to the success of the pupils' sdlution plans. 
Botl} individual and general distinctions, particularities of solution 
characteristic of all third grade pupils, give us a basis for 
Qoncluding that. 



c) Solving the given problems of series I, all the third grade 
pupils followed the methods of syuthesis» The solutions to problems 
3, 2 and 4 are illustrative in this respect* The solutions to problem 
3 differed very little from each other: average and poor pupils mad^ 
all possible solutions from the existing numerical data (also utilizing 
superfluous data) without considering the question of the problem. 
Strong pupils, too, found themselves on this course at first. 

Among the solutions to problem 3 there is a single original solu- 
tion in which Vera used all numerical data, including the super- 
fluous data, but obtained the right answer to. the question of the 
problem: ' 

1) 75 fruits 4- 25 fruits = 100 fruits. 



How many fruits were there altogether? 



2) 
3) 
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100 fruits - 45 fiiuits « 55 fruits. 
How many fruits were left? 

55 fruits - 25 Jruits - 30 lemons. 
How many lemons werfc^l^ft? 



Instead of the correct and shorter method; 
1) How many lemons weros^left? 

7^ lefaons ^^^5 lemons \ 30 lemons. 

But the method of synthesis, ^character is tic of most pupils, was 
obs'erved quite clearly when they were solving problem 2^ although 
they had not enough data to answer the question of the problem. All 
pupils approached problem 2 in the usual way, answering question after 
question without considering the question of the problem. In doing so, 
a) some pupils did not note and did not indicate why the solution was 
impossible, and incorrectly solved the problem in two steps (Yulii P., 
Valya CH., Nina P., Lena K); b) others (the better ones) correctly solved 
one question from the data of the conditions and did not begin to solve 
the problem incorrectly, but indicated why the problem was unsolvable 
(Lesha S., Yulya S., Vera K.). 

Incorrect two-:step solutions given by the pupils in (a) above are: 
(1) addition of the number of albums to the cost of one album (solution 
of the first question), and (2) addition of . the obtained result to the 
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Other unused number given in the conditions — the number of pencils , ' ^ 
(solution of the second question) . * 

The pupils Indicated why the problem wa3 unsolvable in various 
ways. Lesha S > and Yulya S> themselves pointed out the reason the 
problem could not be solved and found the cause in the lack of data. 
They noted the pattern of the solution: they asked the first question 
correctly and solved it; they stated the second questlofi correctly, 
but, not finding the datum peeded to answer this question, they §aid 
the problem could not be solved* 

Here is 'th6 solution of Lesha : 

1) How much do\t)ie albums cost? 
15 X 5 • 73 rTliles 

2) How much do the pencils cost? 

The problem can^t be solved — there is no number 

for the cost of the pencils. f 

Yulya S. solved the problem similarly: 

1) 15 albums x 5 » 75 rubles 

2) 'The problem cannot be solved because we do not 

know how much a pencil costs. 

Vera R-. pointed out why the problem was unsolvable without such 
an analysis of the conditions of the problem, and for a long time 
could not uncier stand that it was impossible to find the cost of the 
pencils fi*Mi the given conditions. She noticed the insufficient data: 
•'There *s something h^ref I don't understand. It doesn't say here how 
much they p^d for the pencils/* But for a long time s!|e could not 
. understand thJt this is exactly why the problem could not be solved • 
."In the fiist question we must know how much they paid for the 
pencils. We can solve it! We take 5, well» maybe 15, no 20. In two • 
stages... X can't solve it. 5 multiplied by 20! No, those are albums-. 
/ .We could probably find out the cost of the pencils, 'but I don^t know 
how. ..." • 

And again she tried to determine how much was paid for the pencils 
5'inally she was asked "But can you really solve this problem if the 
cost of the pencils is not given?" She wrote: "This problem cannot 
be solved; we don't know how much was paid for the pencils. 

A strong .pupil, Lesha S., solved the problem with insufficient 
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data differently. She independently (not without difficulty and not 
^without trial and error, of course) established why the solution was 
impossible. She correctly answered the first qdestion of the problem 
(she indicated the data and the operation for it) . Going on to answer 
the second question, she noticed the missing datii^m ^and asked: '*How 
much do ^pencils cost ±ti this problem?" ^ . ^ 

It is interesting th|it this new difficulty caused her to take 
4nother tack. She analyzed the second question according to the logi- 
^ cal sense of the conditions: "How much do pencils cost?" Then she 
began searching the conditions for the answer: "30 plus 20? No I 
20 taken 4 times? Nol'20 taken... taken 5. times? Sol" Having failed^ 
to select any one of these solutions, she began looking for a different 
way out: **Well, what is this, huh? What else is it? Where can I find 
the number? Where is the number telling how much the pencils^ cost? 
It*s not here at all. Can you really solve it without it? Nol" She 
wrote, "The problem cannot be solved; there is xw^ number designating 
how much the pencils cost." 

The results of the solutions of problem 4 also speak for the 
synthetic method of solution, which is characteristic of most pupils. 
Problem 4 (numberless) cannot be solved by relying on numerical data 
if one has -not grasped the idea of the conditions. One cannot solve 
question after question gradually, blindly'; and wi^h no consideration 
for the question of the problem; .numbers cannot be manipulated. It 
*ts also impossible to use a mastered stereotype for its solution. The 
proposed problem may be solved only by guess or by imagination, on * the 
basis of the understood concept; hencp it was of almost insurmountable 
difficulty for all ptlpils. With some guidance ^rom the teacher, only^' 
Yulya S* solved it. All the children, however, tried one way or 
anothjer to solve the problem; and, in their attempt, th^y revealea their 
general approach to the solution. In this* respect we can div^e the 
children into two groups: 

a) Some of them did nothing understandable or recogni-zable. They 
either correctly solved the problem (Yulya S.), gave up the solution 
(all the strong pupils), or, not having given up, tried to solve it 
but completed no solution (Nina P.). 



b) Others, average and weak pupils, made incorrect solutions 
(Yulii P., Valya Ch., Vova G*^ Sveta P.). 

Valya Ch >, the poorest pupil, without noting that there were no 
data to,., solve the 'problem, began the solution as soon* as she had read 
the conditions (for the second tljtie) : "Add 5 to 6! I don't understand 
this problem. ^ I don't even know why I don't understand it." But this 
did not stop her from continuing the solution according to the pattern 
which she used to solve all the problems with data: she added two 
numbers, then subtracted one of the summands from the •sum obtained. 
She ascribed the question of the problem to *the first solution and the 
end story of the problem to the second solution: 

1) 6 pupils -f 6 pupils * 12 pupils 

2) 12 pupils - ^ pupils = 6 pupils 

1) How many times more desks are there than pupils? 

2) One-half the desks were occupied. 

A similar stereotyped solution was given by Sveta P..^ but with 
different numbers and following her own stereotype^ 

1) 12 desks + 2 desks » 14 desks 1) 14 desks 

2) 14 desks - 4 desks - 10 desks 2) 10 desks 

Incorrect solutions by average pupils differ from these two solutions. 

Vova G_. correctly understood one relationship which was most 
clearly shown in the conditions (*'one--half the desks were occupied'*) • 
She ^rrectly used it with invented numbers. She thought up the 
number 100, then subtrac 4d half of it^-50. 

1) 100 desks - 50 desks ^ 50 desks* 

know that they were sitting [pause] at half the desks." ^ 4 
But the pupil went no further than one undei^stood relationship^ and her 
subsequent reasoning and solution were wrong. She used the solution to 
find what she herself had invented—the number of desks; ♦ 

2) 50 desks + 50 desks « 100 .desks 
2) How many desks altogether? 

26 



In solving the problem Yulii P* noticed the Tack of data: "^ut 
•there aren't any numbers here!*^ He tried to deter^iine one of the ;niss- 
ing data — the numHer of children* In his attempts he returned (although 
he did not r^lize it) to his stereotyped* solution of the problem in 
two stages: "161 Add 4 to 16! '100 : 2! But we must' know how* ii\any 
children there were! We have to. add 9 to 21, we get 30 pupils, now 
add 21. to 30 and we have 51," According to pattern he did the solution: 



1) 21 desks ■{■ 9 desks 30 desks 

2) . 21 children -I- 30 children - 51 children 



As we can see, one correct solution was given at first — 100 v 2*--but it 
was forgotten and wa^; not cited as a solution; the attempt to solvs the 
problem hy stereotype drove it away. It is interesting that when tjfie 
solution had been done according to the stereotyped pattern the subject 
tried to make it agree with the conditions of the .problem being solved; 
since the conditions spoke about desks, in the first solution he 
corrected thle word "children*^ to read "desks," and held to this.* 

Fifth Grade (series I) 

. ^ 

Pupils of the fifth ^ade were given these four problems: 

1. A young Pioneer leader had 150 rubles to buy theater tickets. 
He bought 37 tickets at 2 rubles 50 kopeks each and 12 
tickets at 3 rubles 50 kopeks -each. How much money did the 
leader have left? 

2. Ten. boxes of apples, each containing 32 kilograms, and 5 

^ boxes of pears were .brought into a stare. How many kilograms 

^ of fruit were brought into the store? 

3. Potatoes were being transported in trucks. The first truck 
carried 3 tons*, the second 5 tons, and the third carried 

* half ^ as tnuch as in the second truck. How many tons of 
potatoes were being carried in the first and second trucks 
together?' 

4. There are books in two bookcases, an equal number pn each 3 

^ shelf. In the second bookcase there are twice as many shelves, 

and twice as many books on each shelf • How mM^y times more 
books are there in tt^e second bookcase than iSk the first? 

The fifth graders most successfully solved problOTi 1 and . then 

problem 3; problems 2 and' 4 were the most difficult for most of the 



Problems for the fifth and seventh grades' are more complex than th 
problems given the third graders, according to the requirements of the 
curriculum. ' , 

■ ■ 2/ ' ■ ' ' 



jSupllsrf The general f e&tures^f solution characteristic of all the 
jJupils, as well as the features characteristic of individtxal third 
graders were present in the pupils of the fifth grade as well. Among 
" the latter -therfe were also: ^ 

a) Children, who in learning technique'pvmaeter the devices for 
* solving idfenticil problems no worse than other children, but stubbornly 
apply these devices to all other problems, often tiot taking into account ' 
the requirements of the conditions of the given problem* The devices, 
both feasible and unfeasible, differ little from each other, and the 
children introduce much from themselvas Into the problem, especially 
involving problems that cantnot be solved by ordinary methods. 

Such solution^ were given by Kdlya D.; Tonya L., Vita , Nina 
Ch», and Nina Is. I^j solving' problems given in unusuaSb^f orm, these pupils 
took ^re unrecogiiized, incorrect steps (the solutions diverge from the 
questions 'stated) than otKer pupils did. In observing these pupils it 
may, have appeared that they solve «prQblems with conviction, doubting 
nothing; but ip. truth, their st^lutions w^re reached by a prepared, 
accustomed pattern* Th^ pupil often cannot abandon the initially 
accepted, incorrect . plan even when he himself notices the error. 'Thus 
Nina* Ts . incorrectly solved problem 1 in two steps : 

} 1). ^ How much money did . the leader spend for 37 ticket^? 
^ 2 -rubles 50 kopeks 

X 3 rubles ^0 kopeks 

6 rubles 250 kopeks , ' . 

8 rubles 50 kopeks 

2) How much money did he have left? ^ ' Ji*^ 

' 150 rubles 100 kopeks 
. -r . 8 rubles 50 kopeks 
142 rubles 50 kopeks 
Having gotten on the right track (first question), she could not 
continue the solution correctly, although she noticed her mistake* 
Before she finished- answering the second qhestlon she said, "I didn't 
do it fight* y^ii-^ve to subtract, but I didn't know how •nany tickets 
there were altogether* They should be added/* But she ' *able to 
•correct the solution. . * , 
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The solution by Kolya D/is characteristic of this group of chil- 
dren. He thought about the cond^itions for a long time; reread them 
several times, circled the letters of the conditions with his pencil, 
and finally said, "I dpn't understand... X can make out* the words, but 
I don't understand/^ But this do^s not stop him from beginning to ' 
solve the problem. Although he worked very slowly he did nol stop 

until\;e had gotteij a solution. ^ 

) , * 

1) How many 2r 50k tickets did ^she buy? 

2r 50k 

+ 3r 50k 

6r ■ . . 

2) How many 3r 50k tickets did she buy? 

• 6r '. ■ 

+ 3r 50k 



9r 50k 



3) How many tickets, did she buy for both 2r 50k and 
3r 50k- together? ^ ' 

9r 50k « ■ 

+ 6r 50k 



16r < 

4) ■* How much money did the leader have left? 
• . ' 150r 

^ 16 r 

134r ^ Answer: 134 rubles 

The questions stated independently by the pupils differ in the de- 
gree of their ambiguity* Tt is not clear what the pupil wanted to find- 
'the number of tickets or their costs. Tliis was not clear in the solu- 
tions* 

The formulation "of. the first, secondhand third steps contains ^n 
* indication of definite numbers of tickets, but fhere is not a single 
number in their solutions that, is labeled "tickets.** Moreover, the 

y ■ ' . ^ ' 
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number of tickets given in the conditions is not used. All solutions . 
are done using only the cost of the tickets and the amoSht of money 
which the leader has. 

• The stated questions , recall the correct pian of solution. The 
first question mentions tickets priced at 2r 50k , thd second mentions 
tickets At a price of 3r 50k . and the third mentions %oth 2r 50k 
and 3v 50k together''; the fourth ^question is. the question of the prob- 
lem. The answers to these questions, however, are far from correct. 

Of the four solutions to the fojar questions, not one was correct • 
In solving the problem the pupil tried unsuccessfully to penetrate and 
understand its conditions; he m^de an unconscious and unclear plan of 
the solution. 

b) Children who are trying to solve a problem by beginning with 
its conditions do only what they are able to do from their understand-I 
ing of the conditions* True, thi^' completed solutions are sometimes not 
sufficient^ to answer the question of the problem, but they do nVt diverge 
from the concrete data of the conditions. Such solutions were given by 
Tolya A*, Manya V^ and Volodya M, ' - ' 

• Tolya A. ^ began the solution by determining the number tickets 
bought. Having solved this simple. but superfluous problem, he stopped 
and thought. ^ He correctly noted the second and third questions and 
solved them. But, having still not determined the total amount of 
money spent, he wanted immediately to answer the question of the prob- 
lem; 

1) How much money did the leader have left? r 
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He noticed and corrected his error: "I didn^t write that right. I 
wanted to find out how much he paid for oil the tickets. l/ll do the ' 
question over again. Although everything is correct, 1 have to subtract 
in the last question instead of adding/* ^ * * 

Tolya A. slowly and indirectly came to the answer to the problem, 
like Kolya D*, Tonya L.,and Nina Ch,, but took unnecessary and incorrect 
s^eps toward' an independent analysis of the conditions and toward the # 
solution of the problem..' \|lvery thing superfluous was discarded , 'and 
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errors were corrected independently. 

He solved problem 2 similarly with doubts and suppositions . He 
read the conditions, began to wave his pencil, and was, nervous » *^But 
how cad I write it here? There aren*t any pears, only some kilc^rams* Are 
there as many pears as there are apples? We can find out about the 
apples...*" He began to **find out about the apples," solved the first 
question, wrote "2," and thought. 'Ve can make the same number of 
pears as apples, also^. 32 kg. But if they aren*t made to be equal, 
you can't solve it.'^ He assumed . that the weight of the boxes of apples 
and pears was equal, and with this assumption he solved the problem in 
three steps. 

A feature common to the fifth graders as well as to the, third 
graders \^as their attempt to solve the problem in the usual manner- - 
by synthesis. All the pupils began solving problem 2, and, all solved 
the first question, solvable from the numerical data of the condi^tions; 
but they continued the impossible solution differently. Tonya L. and 
Vova M. wrote the second question of the problem and solved it in- 
correctly. Manya V. , J^lya -M., and Nina Ts . , after solving the first 
question and f indine/no/ data to solve subsequent questions, gave up 
tfie solution. 

Unlike the third graders, some of the fifth graders evinced an 
ability to compose a plan of solving the problem according to the logi- 
cal sense of the conditions, without . support of numerical data. But 
because numerical data were not given* for the solution of the second 
and third questions of the plan, all pupils gave correct questions but 
incorrect solutions. (JColya D., Vitya K., Tolya A., Vova M.,and Nina 
Ch.). ' ' 

Ttie synthetic method was clearly used in the fifth graders* 
solutions to problems 3 and . Without considering the qqiestioh of 
the problem, the children worked out. all possible superfluous 
solutions. 

a) Tonya L. , Tolya A., Nina Ch., Vdva M.,and Nina Ts . stated ^ 
and solved a superfluous question, then, independent of it, they 
solved the question pf the problem: 
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1) How many tons of potatoes were in the tliird truck? 
5t T 2 - 2t 500 kg ^* 

2) How many tons of potatoes were in the first and 
second trucks? ' 

^ 3t + 5t - 8t 

b) Kolya D. and Manya V., after solving superfluous questions, 
solved the question of the problem, incorrectly selecting the data 
(using the results of the superfluous problems) • 

Kolva iJ. was an exception. He answered the question of the problem 
directly, without any superfluous solutions: ^"But here there are three 
trucks, but it says only two. Why doesn't it ask about the third truck? 
There's «jpthing to solve here! Look! ^^re's 3 tons in the first and 
5 tons in the second. Nothing's written aboQt the third one^ It's just 
a first grade problem! 

The simple, numberless problem 4 forced the children to reason, to 
solve the problem without the' opportunity tq rely on niimerical data. 
Only two pupils could handle this problem, Vitya and Tolya A^^ Most 
of the pupils gax^e up on it (Tonya L., Manya V^^ Nina Ts,, Kolya M.) or ^ 
gave incorrect solutions (Kolya Vova M., Nina ChO The absence 
of numbers in the conditions made it impossible to solve: '*You can't 
solve this problem.*, it doesn't say here how many books ttiere are.*<. 
no numbers are given. The ^oblem is awkward. No, it can't solved 
anyway*^ (Nina Ch.). ^ 

Incorrect solutions (Vova M., Nina CH» , Kolya D.) represent an 
attempt to note the questions of the problem by arranging the parts of 
the conditions in a logical sense, disregarding the existing- data and 
the incorrect solution of the questions thus stated. 

1) How many, books were on the first shelf? 

2 shelves x 2 shelves ^ 4 shelves 

2) How many more books were there in the second 
bookcase than in the first? (Kolya D.) 



it 

t ^ metric ton (Ed,) 
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Seventh Grade (series I) 

The seventh gr^^e pupils were given tl^e following four problems: 

1* A ship traveled 240 kilometers in 12 hours. 

In many hours will it travel 800 kilometers? 

2» Th6 floor of a room has to be painted. The room 
is 7 meters long and 3 meters high. How much 
does it cost to paint the floor if 1 square meter 
i of paint costs 75 kopeks? 

3. A worker earns 18 rubles a day. 

What is his monthly wage if he works 25 days a 
month at 6 hours per day? 

.4. A kolkhoz sowed^ a plot with oats and two such 

plots with wheat. They harvested 4 times as much 
oats as they sowed and 8 times as much wheat. How 
much more wheat did they harvest than oats? 

Observation of the seventh graders was hindered because they began 
reasoning aloud only after the plan of solution had almost been completed. 
We purposely did not * interfere with the pupils* solutions, knowing that 
our request to reason aloud would significantly distort the natural 
process of solution — speechless analysis, a plan of internal speech — 
which occurs in children of this age* Therefore the seventh graders* 
reasoning does not fully reflect their train of thought during the 
solution, but is mo^;e the end result of mental activity on the 
problem. Children of grades 3 and 5 easily and willingly solve ptoblams 
by reasoning aloud. The seventh graders preferred to do everything 
silently and only rarely stated their thoughts (doubt, something not 
understood, etc.) . 

^ Seventh graders, like the third and fifth graders, solved problem 
1 most successfully^ and then probl^tm 3; problems 2 and 4 were almost 
impossible for thejjiL The attempt ^o arrive at a solution on the basis 
of the numerical data, and not on the basis of understanding the require- 
ments of the question of the problem^ was also a characteristic of the 
seventh gr^e pupils . 

This can be seen even in the solution to problem 1, and even more^ 
clearly in the solutions to problems 2, 3, and 4. Solving problem 1, 

' all pupils correctly answered the first question (numerically), but 
they experienced difficulties, and three pupils even made errors, in 



kolkhoz - a collective (Trans.) / 
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solving the second question of problem 1, applying the numerical data 
which already existed in the condirtions, to the question of the 
problem' (Kolya Tamara Sh., Katya B.)* 

All the pupils solved problem 2 wrong, taking the height of the 
room for its width. Problem 3, solved in one step, was begun in two 
steps by all pupils, that is, they made a superfluous solution ("super- 
fluous synthesis"). But during the solution Nina Yura B» and Ira 
G. realized that the problem could be solved in one step. Then they 
discarded the incorrect solution they had begun and »correctiy answered 
the question of the problem. 

Unlike the third and fifth grad^ pupils, the seventh- graders, 
using the characteris,tic method of synthesis in solution, evinced: 

a) an ability to resort to another means of solution — to note a 
plan of solution following the logical content of the conditions* But 
their plan often did not agree closely enough with the numerical data 
in the conditions for the solution to ba^cotrect. 

Illustrative in this respect are* the solutions to problem 4 by 
Ira G. and Katya B.: 

Katya solution : 

1) HoW much oats was harvested? 
4 oats X 4 = 16 oats 

2) How much wheat was Tiarvested? 

8 oats X B = 64 wheat ' - , 

How much larger was the harvest of wheat than 
hat of oats? 

^ ' 64 \)lieat - 16 oats »= 48 wheat Answer:. 48 wheat 




The questions of th^ plan were stated by the pupil on the basis 
of the ideas contained in the conditions rather than from the d^ta - 
itself. But the question of the problem was somewhat changed* As can 
be seen in the conditions, however, there are no numerical data to 
solve the questions of the plan^ composed by the pupil. The pupil 
erroneously replaced these data with the given relationships of the 
amount of grain; she did this for a purely formal reason: 4 times 
more oats were harvested than were sown. From this the pupil knows 
how much oats was harvested: '%0 x 4 = 160/' As we can see, the 
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plan composed to solve the problem agreed neither with the conditions 
of the problem nor with its question. 

b) They also showed that they hold less to a stereotyped pattern 
la the solution; they try to understand the conditions of the problem, 
and if they, cannot, they make inc<^rrect solutions, which are different in 
each such problem — they are not stereotyped. ^ 

Selection of Missing Numerical Data for the Conditions and the Question 

r * 

Third Grade ( series II) 

The pupils of the third grade were given the following five problems 
to solve, for which it was necessary to select numerical data In ac^ance^ 

1^ Booksvand albums were bought* . - 

How mOTh money was paid for the whole purchase?- 

2. Four books and one album were bought. 
How much was paid for the whole purchase? ' \ 

3. Four books, at 3 rubles each, and one album was 
bought. How much* was paid for the whole purchase? 

4. Four books and one album were bought. Money was 
given to the cashier * How much change was 
received? 

5. Books and *n album were bought, 50 rubles was"^ 
given to the cashier . How much change was 
received? 

In the conditions of problem 1, besides the question. It is indi- 
cated that "books and albums were bought." As we see, in order to 
answer the question the cost of the albums and of the books is needed. 
The tot^l cost of all may be shown, but the price of onei book or <t)f 
one album and the number of each bought is enough to determine the 
cost. 

In problem 2 one numerical datum is given: "4 books and one album 
were bought." In selecting numerical data for this problem, the person 
solving it is shown the necessity of giving the price of one book 
(since the quantity of books is already given), of giving the price 
of an album and of solving the problem in two operations. 

' In problem 3 two numerical data are given: "4 books at 3 rubles 
each and one album were bought." Hav-ing given the price of the album, 
a pupil wte able to solve tihe problem in two operations. 
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After solving three problems, a pupil yas askad to solve two 
others — 4 and 5. The content of the first problem (%ooks and albums 
were bought") is included in the conditions of these two problems, and 
a supplementary condition is given ('*money was given to the cashier" 
in proble^n 4, and "50 rubles was given to the cashier" in problem 5) • 
Finally, a question is stated for each problem; "How much change was 
received?" To solve this series of problems the pupils were required 
to choose numbers suitable^ to the existing questions and conditions. 
This tjrpe of exercise is recommended by methodologists as Aercise 
preparatory to the analytic method of analysis of complex arithmetic 
problems. Let us see how our pupils handled these ^asks» 

Success in solving these problems wl^ in direct proportion to 
the success of the pupils. Excellent pupils selected data and solved 
most of the problems correctly. Average pupils (selected numbers, but 
they could not solve all problems. Poor pupils did not *feelect numbers 
for all the problems, and they solved only two (problems 1 and 2) of 
* the possible 5. 

a) In selecting numerical data, the excellent pupils tried to 
imagine the concrete situation^ the concrete object, and, determining 
its cost, to show it in the conditions of the problem* 

The pupils selected! numbers for the questio^ by imagining the 
concrete situation in life: "How many books do I get? How much does 
the Young Guard cost? Well, say 20 rubles" (Vera K., problem 5). 

^'There are books at 2 rubles each^and some kind of album there 
fot, pictures; it costs 5 rubles^' (Lesha S., problem 4). 

"Don*t you know how much an album costs in the store?" (Lena K., 

problem 1)* ^ 
* 

In this^ the presented situation again is easily translated into , 
a plan of arithmetical operations* Having thought up the numbers, 
the pupil returns to the conditions of the problem and solves it 
correctly • 

b) Average pupils tried to understand the sense, the content of 
the conditions and did not try to imagii^e 'the concrete situation • 

c) Poor pupils could do neither — they could not imagine a 
iCOhcrete situation, and ^uld not understand and use the maaning 



contained in the problem. They selected the date according* to 

conditions they made up, which* were far from the conditions of the 

given problem, ^ 

Sveta P* 's solutions are characteristic in this respect. With help 

she selected numbers for problem- 4 alone* $he .unsuccessfully tried to 

select. numbers for problem 5. In choosing the numbers J^the pupil 

worked very little on the basis of the conditions of the problem and 

made incorrect deductions* Reading problem 1, she stated a question 

in which data completely irrelevant to the problem were^ present : "Mama 

had 34 rubles. She spent 34 rubles. How mucli^did^she have l^ft?" 

The pupil was asked to answer the question '^*hat was bought?*' This 

evoked new reasoning in her* and she thought up new conditions, but 

with the old question: " , • 

34 books and one album for 23 rubles. #. not so 
. . many books, say 24 books • Hdw much money did 
she have left? 

-\ , 

Here shQ gave the feiswer: "15 rubles..^. Can the problem be solved?" 
She began the solution with an Incorrect question: 

1) 34 books - 24 books - 10 books 

^ How many books did she have left? 

2) 10 books 4- 20 books » 30 books ' 

For the entire purchase she paid 30 books * ' 

The divergence of her reasoning- from the cotiditions given is even 
m3re noticeable in her solution to problem 2. Having read the problon, 
she began building a totally different problem instead of selecting 
the missing nuqabers: '*Mama bought 24 apples. ..." ■ 

Sveta was reminded that it was not necessary to think up a new 
problem, but to choose numbers for this problem; but she continued what 
she had begun: **Mama had 13 rubles, she bought 10 apples." 

She is asked to read the question of the problem. She reads it. 
What does it s^y In the conditions about what was bought? 
**Mama bought 24 materials." 

She is asked to read the conditions aloud.- We repeat the question: 
"Mama boujght 24 books and an album for 30 rubles." 
Without indicating the price of the books, she began her incorrect 
solution. B^ks are. added with rubles, and books are .obtained: 
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1) 24 books + 30 rubles - 54 books 

She explained her solution, "They paid 54 book^ for the album." 
She considered this result the answer to the ^question of the problem. 

She ^pproachdd the solution to probleia 3 similarly. Having read 
the conditions, she distorted them, naming a different datum in place 
of the existing one ("4 books"): '*Mama bought 50 books." 

Experimenter: Read here; how many books were bought? 

She reads the conditions aloud: 4 books and an album were bought, 

Exp.: How many bjooks were bought? 

Pupil; 50 books and an album - 

Exp.: ' No, that*s wrong, read the conditions again. 
Then she "corrects" herself: instead of **Mama bought 50 books ," sli 
ays "Papa bought 50 books." 

Again Sveta was asked not to make up a new problem, but to make 
up numbers for this given problem. 

Exp.: What numbers are missing here? 
Pupil: * r^and one album. 

Exp.: What were they buying, according to the conditions 
here? ^, . 

Pupil: 4 books and 1 album. 

Exp.: And does^ it say here how mi^cV they paid for each book? 

Pupil: 4 books! ^ 

Exp.: ' 4 books were bought, and how much did they pay for 

" a book? . ^ 

Pupil: 3 rubles each. 

Exp. : ^ And hoW much was paid for the album? Is it . 
given in the preblem? 

Pupil: No. 

Exp.: Think up a number for how much they ^aid for 
tb^e album. 



Pupil: 3 albums. Now should I solve the problem? 

Exp.: And now do you have all the numbers? \^iat did 
they buy? 

Pupil: 4 books at 3 rubles and 1 album at 3 albupis! 
3 ^albums at 3 rubles. 



In solving problem 3 she gave |^he only correct answer to the first 
question, following the data in the conditions, but she erred in term- 
inology: 1) '^4 books X 3 = 12 books. How much was paid for the books 



The number dt books obtaiixecl C'12 bo ) In the second question was 

« 

then added to the number of albums: 2) "12 books + 3 albums - 15 
albums. How. many albums were left?*' 

The solution to problem 4 also began vrith the reasoning *^Papa 
bought 50 books^.p* The pupil bought 50 books and 13 albums She 
added the invented numbers and thought she liad found the number of 
books the pupil had bought: 1) "50 books -H 13 books ■ 63 books. 
Tl^ pupil bought 63 books." 

The problem ended with this -solution • After this Sveta was asked 
to imagine the concrete situation. She was asked 2^ she had b^en in 
a bookstore and bought anything, 

*"X was* I bought some notebooks at 20 kopeks each and an album 
\£ai:^3 rubles. I paid the cashier 4 rubles and got 40 kopeks in change/^ 

Her action is compared with the purchase in the conditions of the 
given problem. The problem is elucidated: take a price, put the price 
here at which they bought books and albums above, and how many they 
bought, and then solve the problem. After this she selected all the 
data correctly. Nevertheless^ she still could not solve the problem: 
she added the price of the books and the album and ^subtracted the re- 
sxilt from the money given the cashier (she was doing the solution 
according to her own model) , 

sSe also selected the numerical data for problem 5 by recalling a 
.situation similar to that in the problem, but not qbite identical to 
the oxie described in the given >^roblemc . ^ % 

"A teacher bought 80 books and an^^Bum." She writes: "80 
bd6ks." '^And paid 30 rubles for the album and 5 rubles for the books." 
According tp these figdres, the purchase \rf_ll amount to 430 rubles • 

^ . * * 5 rubles x 80 ^ 400 rubles 

^ 400 rubles + 30 Rubles « 430 rubles. 

But in the conditions It says that only 50 rubles were paid. This 
noticorrespondence is not noticed by the pupil. The solution greatly 
diverges from the conditions: ^ 

1) 80 books - 50 books = 30 books The teacher gave 30 books • 

2) 30 rubles + 30 rubles - 60 rubles Sh& ga^^e 60 rubles. 
Thus the pupil did many useless solutions irrespective of the 

question of the problem, and even of the conditions in general; the 
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solutions per se are incorrect. She correctly solved only the first 
question of problem 3, using two data given in the conditions. 

What is the cause of such a great many unrecognized and unsub- 
stantiated coi^lusions during* the solution of a probleci? Weakness of 
memory is one reasoTi. Premises for forming a conclusion are not 
retained in the memory even for the time necessary to fornj a conclusion. 
In its turn, the conclusion thus drawn is also forgotten, without having 
been related tQ the solution of other ' questions * What was said is 
forgotten. What has been stated Is repeated with difficulty and in^ --^ 
accuracy, and the meaning is gradually distorted . For example, she 
stated the data for problem 1: "34 books and an album- were bought for 
23 rubles." As she began writing, ahe forgpt what she had just said 
and instead of. these numbers she wrote "20^ books" and "24 rubles," She 
correctly stated the first question in ^oblem 3: "How much did they - 
pay for tl][e books?" She began to write it down: ^"How much did they 
Vay for... I forgot, what ware they paying for?" She incorrectly 
added, "for the total purchase." ^ . • 

In solving all the problems the pupil worked without interruption, 
hurrying somewhat; she could not stop to .^oncentrate on anything, and 
she answered absentmindedly and irrelevantly T^he answered questions 
hurriedly and, as a rule, she did not think over the question, often 
saying what she had been thinking 'before a question had been asked, 
and failing 'to answer the question. iTer thinking ran its course with 
little influence from external considerations (questions, the conditions 
of the problem) . 

Average (and some weak) pupils selected numbers for the conditions, 
but coull not answer the question of the problem. Moreover , ^ the • • 
question of the problem was sometimes not even the last- question in 
the solution plan. 'On this basis we may assume that in selecting 
numerical data the pupils beftan at some poipt other than the question 
of the problem; when selecting the data for its conditions, they, the 
pupils, relied on individual parts or worde of the conditions. Having 
selected numerical, data, the pupils tried to make a^l possible 
solutions from the conditions of problems thus obtained, and did not 
try to answer the question of the problem (Lena K., Yulii P. and. * 
others). 
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In solving the problems of series II, the third -grade pupils 
showed characteristic traits which did not depend upon the pupils' " 
ailccess: 

1) Some pupils were almost able to draw ^rorrect oral conclusions 
from the conditions, but on beginning the written solution, stated 
questions incorrectly and gave incorrect solutions; that is, the pupils 
based their written solutions not on their stated thoughts, 'but on the* 
stereotyped plan which they had prepared for the solution of all prob-^ 
lems (Yulii P., Vova G) ; they correctly selected the numerical data^' 
but they were unable to solve the problem • 

• ^ ^ulll read problem 1 and correctly named th^ lacking dafe: "Foj: 
the album they paid 3 rubles, and 5 rubles more than ^tln^ for the bopk." 
From sucl;x numerical data it would liave been possible:, to answer the 
questioij, of problem 1 (3r -h 5r - 8r ; 8t -h 3r llr ) p The pupil 
tried orally, as soon as he had named the data, to note such a solution:. 

'*How much money did they pay for the total purchase? We must add 3 to 

( ^ 

5." As soon as he began ^writing the solution, however, he did not do 
what he hdd said nor did he u^e the n;Limbers he had named^ 

1) 5 albums + 4 alburn^ ■ 9 albums 

2) '9 albums : 4 « 3 ba'pKs ^ ' / * , 

i 

/ Answer; 3 books. (problem 1) ^ 

Yulii P. did the same thing in solving problems 2 and 3. In answer- 
ing the question of these two problems (*^How much was paid for the entire 
purchase?"), he wrote; ^ 

1) 7 0 book^ -f 4 books = 14 
^ 2) 14 books T 4 = 3 books (2) albums 

Answer: 3 books (2) albums Cproblem 2) 

1) 6 rubles f 3 rubles == 9 rubles 
9 rubles 4 rubles === 3 rubles 
* Answer: 3 rubles (problem* 3) 

In solving problem 4, the pupil immediately stated the scheme of' 
solution he had given earlier, without first naming the missii^g data: 
"Here there* are no numbers* We must add 7 to 10 books, that*lij.*be 17 
boojCsT Then divide 17 by 3. ...^^ ' 

^ 'After this'the ^upil was asked to first select the numbers, then 
solve the problem, whioh he did: he saj-ected^the cost of the books 

41 ■ ' ■ • 



■3i 



("12 rubles") , of the albums ("3 rtibles^^) r and the amount of money given 
'the cashier. r25 rubles") But he performed the solution incorrectly, 
following his prepared scheme. 

i) 25 rubles + 12 ruble^ » 37 ^rubles 

■ 37 rubles i 3 * 17 rubles ^ . 

Answer: 17 rubles 

Yulii P? alpo selected the missing data to solve problem 5, but he 
solved it incorrectly. This pupil solved all problems -according to one 
stereotyped plan: he Mdded, two numbe/s and divided the result by. one 
of' the suimaands (problems 1" and 2) or by another number given in the 
conditions (problems^ 3, 4, 5). ' 

' Vova G. -selected numerical data for the conditions' with mor? pre- 
cision than Yulii P., but he too faUed to solve a single problem. 
Vova G. §olved all problems following a stereotyped plan, but differently 
than Yulii P.; two numbers were added (he found the value of the album 
and the books). Then he again ad^d the first summand to the result. . 
Unlike Yulii P., Vova G. carried out operations only on numbers given 
in the conditions, or selected and written dowtf at first. He did not 

■ think up other numbers during the solution. , 

2) In selecting numbers for. the ejuestions, Lesha S., Yulya S 
and Nina P. satisfied the requirements of the conditions and questions 
more. precisely than did the other pupils. They felt the fine distinctions 
of the given, conditions more acutely and tried to use' them for the solu- 

. tion. They noticed, both the general v^isilarlty of the idea and the fine 
distinctions of the problems. Ifi solving the problems of this series. 
Vera K., Yulii P., and Valya Ch. noticed the similarity 'in the general 

^ idea- of tiie problt^s, but did not notice their finer distinctions. 



Jif th Grade (se^gs II) 

The fifth gradfe pupils were given the following three problems whose 
solutions require numbers to be selected first: 

. 1. Oats were sent in trucks and carts to 'a grain collecting 
station by a kqlkhoz. How many tons of oats altogether 
„ • did the kolkhoz send? 

■'2. A kolkhoz sent oats to a grain collecting station in ^ 
carts and in two trucks carrying 3 tonp each.' How many 
tdns of oats altogether did the kolkhoz send? 
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3.. A kolkhoz sent oats to a grain collecting station 
in 8 carts and in two trucks carrying 3 tons each. 
How many tons of oats altogether did the kolkhoz 
send? 

' As can be see^ t^ie same question is applied to all three problems. 

For the answer to the question in problem 1 there, are conditions 
only — no numerical data: "Oats were sent in trucks and carts to a grain 
collecting station by a kolkhoz*" 

In problem 2, two data ^re introduced: "A kolkhoz sent oats to a 
grain collecting station in carts and in two trucks carrying 3 tons 
each;' 

In problem 3 the number of carts is further indicated; ^"A kalkhoz 
sent'oats to a grain collecting -station in 8 carts and 4-n two trucks 
carrying 3 tons each." • 

All fifth grade pupils selected the numerical data for the questions 
correctly, but the problems could stil,l not be solved by Kolya D» (prob- 
lems 2. and 3)., Vitya (1 and 3), and Nina Ts. (2 and 3). The difference 

A 

in the pupils^ completion of the assignment lies not so much in the end 
results as in the ways of achieving them: the children differed in the 
method of selection of the correct numerical data', and in the^ir mistakes 

in the solution, . 

If 

All pupils handled problem 1 more successfully, than other problems, i 
It was easier to s^lept numerical - data for problem 1, since its conditions 
permit a greater selection of arbitrary data; ^nd the problem is solved' 
more easily than the others. ITiere is therefore nonsignificant differ- 
ence in the pupils^ solution of prpblem 1. 

The pupils used different methods to solve* pj^oblems 2 and 3. uA 
narrower sgflection of data is reqtiired for problems 2 and 3, since the^r 
conditions somewhat limit an arbitrary choice of numbers; their solu- 
tions, moreover > require a more profound understanding of the existing 
conditions than that of problem 1, q.ince the supplementary numerical 
data have made the solution more complex* 

a) ^ ^Excellent pupils cprrectly. selected numerical data and solved 
the problems with the data. The children selected the data differently, 
however, and went about solving the problems in different ways. 

Tonya L^. had little trouble transferring the understood solution . 
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of problem 1 to the solutions of the subsequent problem despite the 
.diversity of the conditions: 

60 tons 4- 50 tons - 80 tons (problem 1) 
40 tons + 50 tonl^ - 90 tons (problem i) 
60 tons + 40 tons ^ 100 tons , (problem 3) 

Tolya A > Vent about selecting the numbers and solving the problems 
/ very d:^f f erently. He selected the numerical data in strict accordance 
with the conditions, taking account of the changes of the conditions 
of each problem, and used all numerical data correctly in sblving the 
problem* Having correctly selected the dat^ and solved problem 1, he 
chose other data for problem 2; these data were closer to the conditions 
of this problem* Here he no longer indicated the total amount of oats 
in the trucks, but use4 the data •given in the conditions. He indicated 
t^e amount of oats in the cart^ in coivformity with that in %ie trucks 
, "2t" in the carts and **3t in the^trucks'^) and solved the problem correctly. 
In solving problem 3, he again wrote down the missing data immedi- 
ately, but now silently this time* The problem seemed too easy for him; 
he wanted to make it more complex by numbers: "Can add another kilo- 
gram? * Well, 50 kg xQore— 2 t 50 kg ?" He solved the problem correctly. 
- in 3 stages. Thus Tolya. A. did i\ot repeat a single similar solution 
in solving the problems. He correctly used all existing data and 
correctly selected the missing numbers. 

b) Average pupils also approached solution of ^these problems in 

different ways. ^ 

Vova M, outlined a plan of solution and selected the numbers at the 
same time. As the conditions^ of the problems changed, the solutions too^ 
were. changed; Appropriate data were selected, and those data in the 
conditions were used correspondingly. ■ ^ 

Kolya D.' did not use; the numerical data — the number of trucks — in 
solving problems 2 and 3, and solved these problems , wrong. Koly^^ ^M. 
did not take the number of carts in problem 3 into account and thi're- 
fore also solved this problem'^ incorrectly . 

c) Poor pupils gave diverse solutions ♦ Manya V. used all numerical 
dj^ta given in the conditions and selected only the numbers which were 
^needed to solve the given problems. Vitya could not determine which 
pumeripal data were missing in problem 1 — the^ number of carts or .the 
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^ amount of oats* For problem 2 he $elected a number that was given 
there. He began solving problem 3 without first selecting the missing 
data. Nina Ts, solved only the first problem* Neither the selection 
of ntmierical data nor the solutions, of problems 2 and 3 agreed pre- 
cisely enough with the conditions. f 

From the fifth grade pupils' solutions of problems in series II 
it is evident that: - • 

1) Some pupild^^ selected numerical data with^&t^understanding the 
meaning of the conditions of the problems; they selected numbers for 
individual parts of the conditions. Then thepr began to solve a problem, 
^ again without accounting for its question, and either approached the 
^ solution to its question blindly or l^t it Unsolved, not ^ven mentioniiig 
'it in tfie solution (Kolya D, did this). 



2) ' Other puj^^s selected the numerical data in close connection 

with the conditions and the question of the problem, and even had a 

plan of solution for the probiem-^i:o-be* Vova M. outlined ^a plan of 

solution at the same time he selected numerical data; Manya V, began 

to solve problem 2 immediately after solvijlg the question of the probe- 

lem. ' 

* 

Seventh Grade ( series II ) • 

The seventh grade pupils were given the following three problems 
whose solution required that missing numbers be suyplied^ . 

1. Shirts of one size were sewn from silk and from satin* 
A meter of silk is more expensive than a meter of 
satin. By how many rubles is a silk shirt more 
expensive th^n a satin one? , 

J* 

2# Shirts of one size, were sewn from silk and from satin, v 
3m of material went into each shirt, A meter of silk 
is more expensive than a meter of satin. By how many 
rubles is a silk shirt more expensive than a satin 
one? 



3. Shirts of one size were sewn trom silk and from satin ^ 
3m of material went into each shiift* A meter of silk 
is 40 rubles^ and a meter of satin is cheaper. B^ 
how many rubles is a silk shirt more expensive thar 
satin one? * ^ 
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The sam^ question is asked in each problem, but the problems differ 
in their amount of numerical data. Unlike the jjroblems given to the 
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third- and fifth graders, all three problems of the seventh grade have 
two possibilities for' selecting uumerical data^ Here, selection of 
numbera for the conditions without thf^ requisite orientation toward the 
question of the probleja complicates the conditions so much that t^he 
solution of the problem becomes almost impossible,.* Thus, if the num- 
bers are selected according to the existing data, then the first con- 
dition — "Shirts of one size were sewn from silk and from satin*' — lacks 
an indication of the number of meters of silk and satin,-^ which is not ' 
needed to answer the question of the problem, but, on the contrary, 
would serve as the baais of superfluous solutions which would tend to 
distract one from the correct path. 

Sometimes, however, the children begin selecting numbers not 
from the beginning, but from the end of the conditions, often because 
this part is more obvious for the solution — ^±n this part the requirement 
for arithmetical operations, for dlrect^olution, is more noticeable 
tlian in other parts of the conditions; for example: 

a) In the conditions "They brought '5t in the first truck, 3t 
in the second and in the third they brought twice as much as in the 
second," despite the question of the problem, "How', many tons of oat3 
did they bring in the first and second trucks?" the pupils first find 
out how much oats was bought in the third truck (cf. series I);' 

b) In the conditions of problem 1, "^Shirts of one size were 

sewn from^sllk and from satin* A meter-of silk is mor^expenslve ^ 
than one of satin," numerical data are first selected for the second 
part, "A meter of silk...." Thus, having begun the selection of 
numerical' data from the end of the conditions, one may state the price 
of a meter of silk and a meter t)f satin, and then the number of metiers 
going into each shirt; that is, one may select .a_li-^i^^ needed to solve 
the proposed questions irrespective of the central question, beginning 
not from the question of the problem but from its conditions* However, 
the likelihood of such a selection is less than that described in the 
first case. 

Let us ascertain when and how numerical data are selected for the 
conditions, irrespective of the question of the problem, and when 
numerical data are selected by beginning from the question of the prob- 
lem than from the conditions • 
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Seventh grade pupils^ solutions of problems are more individualized 
than the solutions made in the third and fifth grades. Over the period 
of Instruction the children gradually ^forrn their own particular approach 
to .solving arithmetic problems. What was observed in embryonic form 
in solutions by pupils of lower grades grows over years of instruction 
into a firm individual quality that manifests itself in a ynique approach 
to the solution of problems and is peculiar and characteristic of each 
pupil. Nevertheless, despite this, seventh graders have something in 
common, something powerful, that unites them in the following two 
methods of solution of the problems of series II: 

First Method 

s 

After becoming acquainted with the conditions, the pupil does not 
outline a plan of solving the problem. Numerical data are selected 
(correctly or incorrectly) for the logical bits and pieces of the con- 
editions (often correctly) , or for individual words according to a formal 
feature and not according to content (often incorrectly). Next the 
solution is done according to the individual parts of the conditions, 
a^^most unrelated to the questions. At the ^nd of such a solution, also 
without any connection, the pupil states (cdpias from the conditions) 

the question of the problem (doing this by habit acqi>ired over the 

_ ij ... 
years of ' studying probleiD solving) and solves it, usually l^ncorrectly 

(Katya B., Kolya S., Olya T.) . Or, having selected data for the c'dn- 

ditions, the pupil gives up on the solution altogether (Ira G.). 

Sometimes there are necessary solutioijis among solutions of super- 

fluous questions, but they are usually lost amidst the incorrect ones; 

they are not i^^olated and used to solve the "^question of the problem 

(Ira G. problems 1, 2, 3).. The solution of the isolated part itself 

is obtained as follows: 

a) the question is stated according to the sense of the part of 
the conditioi:^ used for the solution,, and numeric*il data are selected, 
(correctly or incorrectly) for Its solution; 

b) or the question is stated and solved by two numbers taken at 
random from different ^arts of the conditions. 

Katya B. , having read problem 1 once, began to wlil^er something, 
continually moving her pencil along the lines of text, pretending 



she was thinking studiously, but for a long tiine did not move. Finally, 
•she selected nuinbers for the first part of the conditix>ns: ''There are 
lOm of silk and 5m of s^tin.. 5m more expensive than satin From 
this data she incorrectly determined the numerical data for the second 
half of the conditions ("A meter of silk is more expensive than a meter ^ 
of satin"): "10 minus 5 is 5. 5m ipore expensive." Having made up 
only two numbers, both uxmecessary for solving the problem, the pupil 
began solving the problem. 

In trying to guide her to a correct selection of numbers, we asked 
^ her what must be known. to determine how much more expensive a silk 

shirt is than a satin one. Without thinking, she replied, "^y 2 rubles. 
10 divided by 5 is 2 rubles 1" She also incorrectly answered the ques- 
tion whether she had. thought up all the numbers necessary to know how ^ 
much more expensive a silk shirt is than a satin one: "All. Can I ' 
solve it? Should T^v^ite down the questions?" ► 

Beginning the solution of problem 1, Katya stated various questions 
^correctly following from the conditions) but not those needed to answer 
the stated question of the probfem. She copied the question of ^he prob- 
lem as the last question. None of the three stages in the plan of solu-- 
tion were interrelated In either the logical sense or in their utili- 
zation of the results of the solutions. Incorrect solutions were given 
all three questions and differed, only in the arithmetical operations 
on the numbers 10 . and 5 : 

1) How many shirts of one size did they sew?' 9 
10 -h 5m » 15m ^ 
Ihis question was corrected after the solution of the problem had 
been completed: 

1) How much silk and satin was there in all? ^ 

10 -h 5m = 15m 

2) How much more expensive is a meter of silk 
than a meter of satfn? 

10m - 5 = 5m 

3) How many rubles more expensive is a silk 
shirt than a sat^ one? 

10m 5m « 2 rubles . Answer: 2 rubles*^ 
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For. problem 2^ she also selected the number of meters of ;sllk 
("20m") and satin C'15m'*) and iimediately noted the questions for the 
solution: "The first is how much silk and satin there was— 20 and 15 
is 35m. For each shirt we must divide 35 by 3, how many shirVs they 
'sewed. Then, how much more expensive silk is than satin — 20 minus 15 
is 5. The fourth question is how much more expensive a silk shirt is 
than a satin one . . . . " 

In the conditions of problem 2 there was one datum — the amount of 
material used in one shirt (3m) ; because of this Katya solved still 
ancfther superfluous question (relative to problem. 1) : 

2) How many shirts were sewn? 

35m V 3ni ■ 11^6 shirts. 

This is the only feature distinguishing the solution of problem 1 from 
that of problem 2. 

For problem 3, in which only the price of silk was omitted, she 
selected this datum (^'30 rubles'!) But' even though there was then enough 
data to solve th6 problem, she selected (as in the first two problems) 
extra numjjers: "How much silk and sat^n were used? 3m -f 8m." 

^»Fro,m the data she had then, tW pupil solyed 4 superfluous ques- 
tions: the first two as in the preceding problecjs and the last two 
from a new combination of data; and yhat is remarkable is that all four 
questions were ^Ived correctly from the given conditions. But not 
one of them advanced the solution of the question 6f the problem. After 
solving the four superfluous questions, she wrote the question of the 
problem as the fifth one and solved it incorrectly: 
Problem No. 3* . 

'^l) How^much silk and satin was there? 

/I 

4m + ^m - 12m \ 

2) How many shirts willl^hey sew? 

12in ' 3m =^ 4 shirts ' ^ 

3) How timch doe^4ti? Df silk cost 

, 4ojrubleB 160 ruMes/ 

4) How much does 8iu o^ satin cdst? 

30 rubles x 8 = 240 rubles 
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5) How many more rubles does a silk shirt cost 
than a aatin one? 

.*24(i rubles - 160 ^ 80 rubles 

Answer: 80 rubles more expensive than the 
^. satin. 

'. " 
As can be seen, none of these questions and solutions are related; 

they have no general direction toward the goal of answering the question 
of the problem* This is the result of a '"blind" solution with no regard 
for the question of the problem/ The question of the problem is given 
as the last question, and is not logically connected with the existing 
solutions* of the four questions. For solving the fifth question — the 
question of the problem—the pupil used only the numerical data — the 
results of the solution of the -t^r4 ^d fourth questions — and they are 
used according to a formal feature: from the cost of 4m of silk she 
wanted to subtract the cost of 8m of satin and thus answer the question 
of how much more expensive a silk shirt is than a satin one. But it 
appeared that even th^s could not be dx)ne, since the cost of 4m of sUk 
'''OfiOrables) is less than the cost of 8m of satin (240 rubles). T^^^ the 
pupil simply stopped at this trouble s^ot, saying, **You can^t take 240 
from 1601 But what if I turn it around: take 160 from 240?* If I 

mixed up the numbers " She stopped here; she subtracted 160 from 

240 • 

/ ' • ' ' ,/ 

becond Method / ^ 

After becoming acquainted witV the conditions, the pupil outlines 
a general plan 6f solv:^ng the probl^ then selects t'Ke numerical data^ 
In this method: a) the numerical data are selected for the questions 
of the plan outlined^, and the solution is obtained without performing 
any superfluous solutions (Nina M., Yura B.); b) the plan of solution 
is outlined (with Wome assistance, however)', and stated orally, but 
is not realized in 'the written solution and does not determine the 
selection of numerical data (Tamara Sh.)* In cases similar to Tamara*s 
solution, written solutions are incorrect and are, rather, solutions of 
the conditions of the problem, as described in the first way (see above). 
For clarity let us cite the solutions given by Nina M» and Tamara 

Nina M* logically outlined a plan of solving the problem and began to, 
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select numbers for the orally stated question of the plan: *Ve must 
find out how much one silk shirt costs and how much one satin shirt 
costs. This means we must divide. [Pause*] To know how much one 
shirt costs, we must know how much the material costs: Im of silk 
and Im of satin, and then how many meters went into making l shirt 
[pause] , say 3m [writes in the conditions '*3m in each"] • • A metjtx of 
silk costs 40 rubles, and a iflete^: of satin, 18 — no! 1 say 21 Rubles 
[writes in conditions]." > ^ ^ 

* She solved t;he problem easily and correctly <in 3 stages. . '^he 
solved problems 2 and 3 just as easily, understanding that they "were 
solved flike problem^ 1: "This is the same one* Yoli made a mistake* You 
gave me this problem 'before. I just have 'to do the same thing over 
again. The same numbers...."^ Nina even understood the system of 
these problems, how they differed: "Are we going to solve some more? 
Probably the same kind again, but here the price of satin is giveni" 

Tamara Sh. selected numbers and solved problems very differently^. 
She read the conditions of problem 1, shook her shoulders a^at silently 
^d did not begin the solution.. She correctly answered the question 
of wliat must be found in the problem: "How many rubles more expensive 
i6 a silk shirt than a satin one? We need to know how much a sUk 
shirt costs ap4-** how much a satin one costs." But she could not 
apply or concretize this correct general plan;* 

Thus only two pupils — Nina M. and Yura B. — independently outlined 
the plan of solution and then selected numerical data for its question » 



1 P-l^ 



Most^^^of the pupils began selecting data for the conditions and solving 
the problem irrespective of its question; even work such as selection 
of numbers jfor solving a stated question, which requires an analytic 
means of analyzing problems, was done by the pupils with all possible 
variations' of^ the synthetic method of exposition and solution of the 
conditions. 

The first method of solution is closer to the synthefiic method, 
and the second is closer to the analytic method of decomposing and 
solving complex arithmetic problems, however, neither was completed^ 
here. The first way— the most characteristic of the pupils — was not 
used as a rule after "bl?4::nd" solutions of individual parts of the 
conditions, after "superfluous synthesis," to answer the question of 
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the^problem. In the second way the general plan of solution is not 
realized before the end, according to the concrete conditions, of the 
problem. 

While we attempted to guide the pupils (which we usually did when 
tlxey were solving problem 2) toward a correct plan of solution and 
selection of the data by shortened analysis, they correctly stated 
the general plan of solution but followed their own habitual method, 
when writing the soliAion. In their method of solving individual parts 
of the conditions by synthesis,, they forgot about the orally composed 
plan.^ W^H-l^d more success in directing the pupils alop^ the correct 
path of solution by a prelimi^iil^ oral solution of a simple, analogous, 
concrete problem. ^---^ 

Selection of a Question for Numerical Data of the Conditions 
THlrd Grade (serie^ HI) 

* The third grade pupils were given the following two conditions 
(A and B) and asked to state a question corresponding to them and to 
solve the problem thus obtained: 

Condition A* For May Day a school bought 62m of red satin.^ 
32m, was used for posters, 24m for banners and th^ rest for flags. 

Condition B. \ birdhouses and one little table were made from' 
17 boards. 2 boards were^ used for each blrdhouse and the rest for the 
table. 

Tlie question following immediately from condition A is, "How man^ > 
meters of satin were used for the flags?" From conditio^i B it is , ^'How 
many boards were uaed for the table?" 

Condition B is soAevhat lu^rder to solve than A because: 

1) The mathematical content of B is more complicated than that of 
' A (the first question is solved by multiplication, the second by sub- 
traction, While condition A requires either addition and subtraction or 
only subtraction) . 

2) The disposition of the nuHierical data in B is also, different : 
it hinders the selection of data for the solution (data for solving the 
first, question are placed in two semantically distinct parts ot the 
conditions) . 

*^3) The question follows more easily from A and has logical 
sense: bought — uaed for; (spent) —remained — how much remained. 



* In B there is no such clear sequeace in« the placement of the parts 
of the conditions^ 

Several methods may be used in stating the questions for conditions 
A and B: 

First Method ' . . 

The^question for the conditions is stated in the logical sense of 
the whole condition, without solving the problem from its nuifierical ' 
Mata; only then is the^ solution for the stages of the plan indicated 
(numerical data, arithmetical operations), in this case the solution 
of the problem may be correct j but a mistake may appear when the logi- 
cally correct plan of solution is not realized precisely enough in 
terms of the existing concrete data of the conditions • 

Second Method 

One may begin the scrlution from the existing numerical data, and, 
in solving the problem, ma^ answer the last question ending the solu- 
tion. The last result may be written as the answer to* the problem. 
The solution to the problem may be correct, 4f the subject composes a 
correct plan aAd the final question coincides with the^possible question 
of the problem; or it may be incorrect, if the questions solved blindly 
are not intetrelated but instead are superfluous or Incorrect. 

Third Method ' * 

The question may be d*tated with respect to a feature of the words 
at the end 'of the conditions: "...and the rest f5r flags" (ending of 
condition A) means one may ask, **Hqw much was used for the flags?" 
"...and the rest for the table" (ending of conditloif B) means, "How 
much -was used for the table?" ^ n 

Such a solution to the prob^lem is often wrong.. Let us examine 
how our pupils sel&cted questions for the conditions, and how they 
then solved their own problems. Tlie third graders selected the ques- 
tions and then solved the problems by various methods; the difference 
was ^Yi^re noticeable in average and poor pupils:^ 

1) Some pupils selected questions from the logical sense of the 
conditions, stating in passing the solutions to the questions of 'the 
plan (Yuliya S.); others began the solution without /having selected 
the questions for the conditions. , However, these solutions were 

53 




ERIC 



accompaqied by the questions, and the last question for the last solu- 
tion is taken for the question of the whole conditions (Lesha S.). 
In both cases, however, the questions of the p3fen and their solutions 
were closely interrelated, the difference being which of them was stated 
•first — the question or its solution. 

Yuliya S. and Lesha S. stated the questions and performed the solu- 
tions simultaneously, without disconnecting them. Yuliya S. stated a 
question and immediately corroborated it with its solution, Lesha S. 
..explained a solution with the correct question. If, however,' the pupils 
did not succeed in stating- the correct questions of the- plan*^ the solu- 
tion suffered — they then gave incorrect solutions to incorrect^ problems 

(Nina. P.)- ' 

Yuliya S>, having read condition B, correctly selected the ^estion 
for it and began ou|:lining questions of the plan, reoiting their >solu- 
tions: "Here we need how many boards were used for the table... 1\^ 
boards., .2 boards taken 4 times is 8.,,,8 bodrds for birjihouses [writes 
and correctly solves the first question]. In the second question we\ 
find out*.;take 8 from 17... how many boards were used for the table" \ 
[she also solves the second problem correctly]. 

Nina P^. tried first to outline the questions of the plan: "How 
much satin they bought for flags.. .for posters and flags. .\how much ^ 
was used for... for.,.?" Thus, not having explained the solution and 
not understanding wliat she learned by this solution, she began to carry 

"^it out; then she added "62m 4- 32m « 95m." She st^teH the' Wrong 
question for this— not thej one she had outlined first, but the last one: 
"How miich was used for posters?" 

Nina P. incorrectly stated • questions for conditions A and B, not 
because of the solutions but because she did xiot completely understahd 
the general sense of the plan; she did not imagine tl^ concrete data 
relationships given in thk conditions. The soj.utions were given 

' according to one pattern: the first two data from the conditions are 
added, and the last datum is subtracted from this result. Furthermore, 
the solutions obtained were not always explained; the questions orally 
stated were not used in the written solution. 

2) Other pupils", primarily the poor ones, immediately stated 
questions for all the conditions of the problem according 'to a foripal 
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feature — the words at the end of the conditions^ — or, not having stated 
a question, they b^gan manipulating the numerical data, giving,».no ^ 
attention to their own question selected fdr the entire problem. The 
question of the problem remiained unsolved (Vova P.,^x§ta P., Yulii ?•). 

Yulii P_. began performing arithmettcal operations on numbers with*-- 
out being able to explain them* without even stating a question to the 
problem. " Having read the conditions, he beg^n solving it; *Ve need 
to add 32 to 24... it Is 56... then take 62 f rom ^6, . . . 'V When he ^was 
asked, **What do you learn by subtracting 62 from 56?** he answered, 
"No! I m^de a mistake.., 'first you have to take 32 from 62 [to find] 
how much material was left. J' \ 

He did not write the specific question, **How many^metera^ of 
material were left?'* ' He began to solve the problem following the 
pattern we have seen before. ^ He subtracted the second datum from the 

, first, tTien added the last one from tlie numerical data invthe conditions 

fi _ . , ' 

to the result: . 
1) 62m - 32m = :^0m 
' 2) 30m + 24ra =* 54m 
Answer : 54m. 

^ He could not correctly expj.ain his solutions. The pupil thought 

* 

''that in the first solution he was findfhg out *'tliat 30m of satin wect 
into flags," and^in the second **how much satin wa&'left.'^ • ^ 

Thus the question was fitted to the conditions, not according to 
the Ibgical semantics of the conditions and not as a result of the solu-' 
tion of correct questions, but by a false solution, based o;^ a serious 
misunderstanding of the semantics of the -conditions ^ The conditiyns 
stated Jrhat 'satin ''went into*' a flag, Tliere is a question implied in the 
conditions, ''How many mfeters of material were left?*' Statement of the 
. qtxestion'of the problem preceded a series of attempts to solve the 
conditions without a ques-tl^n, "We have to take ,17 twice; we must add 
4 to 17; we must -take 4. from 17," and so on. 

Having written the question for condition B, tho pupil gave this 
solution:* ' . . 

1) 17 boards - 4 boards ^ 13 boards went^ Into 
' making the birdhouse 

13 boards : 2 - 12 (1)^12 boards were left. 
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r *(1) indicates' a remainder of 1 (Kd.). 



Characteristic traits of these'^'cH^ldren (Vova G., Sveta P., 
Yultya P.) are their insufficient understanding \of the sen"Se of the 
conditions and- the fact that they brbuiht something from themselves 
^nto the problems^resu^ting in a situation different from the one 
proposed in the problem. Vova G . » having stated the correct ques.tion 

to thd , conditions, gave an incorrect golution: *'27 ^ 4 ^ and 

explained it, disregarding the conditions • '^How much weilt into niak;ing 
b*oards? Hov much Vent into making a chair ?^ How much weirt into making 
a fence?^^ 'Nothing is said in t^he condition^ about a chair or a fence. 
SVeta P. , at the same time she read the problem, stated something that 
was not thexe: "2 boards went into.'., each, board, 2 boards, 2 logs 
went into each..." while there was no mention of logs in the problem. 

Fifth Grade (series* III) f . ' 

- " 'T- ■ " . \ 

The^fiftb grade pupils were given the following conditions and 
asked to state the question fol: them and then solve the problem: ^^Fox 
their work on a new building the plasterers 'were paid 2,890 rubles and 
the painters were paid one tenth as much as this," . . 

,The following questions may be applied to these conditions: 
1. How much money 'was paid to the painters? 
* 2» How much money was 'paid to the painters and the plasterers? 

3. How many more rubles were paid the plasterers tlian the painters? 
There are several approaches to fulfilling the assignment: 

a) <, Eithef state question 1 from the two data of the condition^, 
'solve it, and then^ from the amount* of money paid the painters and 
plasterers, state question 2 or 3; or, dx) not state questions 2 arid 3, . 
but stop with the solution of question 1, which is a possible solution. 

b) Or, without solving quest^ion 1, directly select question 2 
or 3, following the logical content of the conditions, write dofwi the 
selected question', and ^olve the problem. ^ ^ ^ 

The problem ^^xcept for the novelty of its form — conditions 
without a question — not difficult. ^ ""^ 

' Ttie fifth traders' solutions of the problems differ not so much 
in the results as in the ways they, are obtained. The fifth graders 
fulfilled .the assignment similarly to the third graders: 

a) Some pupils, reading the conditions, stated the appropriate 





question and then began to syTve the problem (Tolya A., Vova M., 
Nina Ts,, Vitya K.); , 

b) Others, without stating a question for the entire condition, 
began the solution (Tonya L., Kolya D*,^Kolya M., Manya V0» 

Of the pupils in group a_, Vitya K. was unsuccessful in correctly 
stating and solving the question of the problem • He read the conditions 
and noticed th^absence of the question of the problem; ^'But what is 
pthe question here . # • ? There isn't any! Oh, it must be how mucl>-^ey 
plastered... how much the plasterers were paid for 3 rooms, 

He stated and solved this incorrect question, ^^cefeding the bounds 

y 

of the given conditions: » 
I 

1) How much did they pay the plasterer^ f^r 3 r<^oms? 
, 2890 rubles f 3 = 963 (1) rubles ' 

When requested to state and solve another question, Vitya gave 
anotjj^er question and solved it, now not everi using the numerical data 
from the conditions but making it up himself: 2) ''How much did they 
pay the painters for 1 room?" He began seeking data, wrote down 10," 
changed the question from "1 room" to "2 rooms" (obvioysly so he would 
be able to divide 10 by 2) , and gave this solution: "10 t'2 = 5 times. 
Answer: 5 times." He himself 'was amazed at his inept solution: ^Vhat* 
^this? It comes out' 5 times 1"^ He thought a moment and agreed with him- 
self, took this solution as correct, since "it doesn^t come out any 
more. • # # " 

All pupils in group b, who did the solution according to their 
habitual synthetic- method , solving question after question, ^ completed 
the assignment correctly. However, having solved the first question, 
they did not continue solving the problem unless reminded of this. 

Seventh Grade (series III) ' _ ^ 




Tlie seventh ^laJe > ^u i5ils were given the following conditions and 
were asked to select a question and solve the problem obtained: "Two 
bicyclists each traveled a^dtstance of 52.8 km. The first was on the 
road for 6 hours, and the second for 4 hours." 

For these conditions there are two questions for" whose answer all 
the given data must bSa^ised: ^ 

1/ How niany kilom^Srs per hour did* each bicyclist travel? 
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How many kilometers per hour faster 4id the second bicyclist 
the first? 

o solve question 2 one must first solve two independent questions: 
How many kilometers ~^r hour did the first bicyclist travel? 
How many kilometers per hour did the second bicyclist travel? 
The probleci is characterized by tKe difficulty of establishin 
the relationship between its data (d^stancp-speed-time of travel). 

Only Nina M. could handle this task successfully. No other pupil 
could cope with such a task, although they made various attempts ta 
complete it. Each pupil tried to do the task in his own unique manner; 
as a* consequence there are no identical answers among the obtained 
results. The solutions differ in th^ questions selected for each con- 
dition, andxLn the methods of solution of the problems obtained. i 

Among the questions selected by the fupils there are none alike. 
The pupils selected questions such as: 

« 

*lIow much earlier did the second bicyclist return tlian the first?'* 
(Kolyh S.) , 

"How fllany kildmeters did they both travel together?*' (Tainara Sh.) 

"How much did the first bicyclist travel?** (Katya BO 

"How many kilometers did each bicyclist travel in 1 hour?" (Nina 

M.) • 

"How many kilometers did both bicyclists travel together in 1 hour? 
(Nina M.) . • 

"How many more kilometers in 1 hour did the second bicyclist travel 
tlian the first?'' (Nina M.) ' ^ 

"How much did they travel altogether?" (hours?) (Olya T.) 

"How many kilometers did each travel?" (Yura B.) ■ 

"In how many hours vill they meet?" (Ira S.) 

Such diverse questions convinced us again of ,the exclusively 
individual approach to the solution of problems, characteristic of 
pupils in the seventh grade • Identical J:onditions were understood 
aud solved differently by each pupil. In doing this: (1) some pupils 
carried all the possible solutions and made mistakes, but did not alter 
the conditions or Introduce something from themselves into the con- 
ditions; they did not distort the original sense; (2) others, however, 
with little regard for the given conditions, Ijnaglned a problem similar 
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to, but not quite the same as, the given problem and solved it, 

distorting its conditions » 

The pupils in group (1) (Nina M», Olya T*) carried out the solu-- 

tion according to the given conditions , without introducing anything 

from themselves or distorting the sense. Either they understood all 

the conditions and carried out all the solutions possible from them 

(Nina M.)# or they used only a part of the conditions for the solution 

(OLya T.). In both cases the stated questions and solutions did not 

deviate from the given conditions. ^ 

The*pupils in group (2) (Kolya S,, Tamara Sh., Katya B,^ Yura. B., 

■> 

Ira S., and Ira G.)f misunderstood the conditions or, having changed ' 
them at their own discretion, stated questions which deviated from the 
conditions, and, therefi^re, could not be answered correctly. At the 
time the pupil 'was reading the conditions, he was trying to understand 
the given problem, and he was also answering the teacher *s questions; 
that is, he was solving a concrete problem. Therefore, the questions 
which the pupil stated And solved sometimes combine tWo plans of solu- 
tion for two problems— Hjie given concrete problem and the problem imagined 
by. the pupil » Because of this fact, the^e;|^uestions are 4ist.inguished by . 
their" extreme vagueness. In such cases th^ solutions almost always 
proceed independent of the questions; they digress from the stated ques- 
tions, and usually i:eflect the conditions of the given problem, rather 
than the imagined one. 

Yura B, quickly staged an incorrect question to the conditions: 

"How many kilometers did each bicyclist travel?" lie assumed that thk 

i 

bicyclists w^re traveling toward each other. He made it his aim to 
find: \ ' ^ 

1) T^ow many kilometers did the first bicycl^Bt 
travel in 6 hours? 

2) How many kilometers did the second bicyclist travel 
in four hours? 

For -such an assumptLon, these questions cannot be answered from the 
given data. In his solutions to the statecl questions, Yura deterniined, 
not what he had indicated in the questions, but the speed of the first 
and second bicyclists in 1 hour, . 

Katya B>^s solution is even more characteristic. She assumed 
that the bicyclists traveled the 52.8km going toward each other, that 



each one traveled half the rou^ (which is also not given In the son- 

ditious) , and that each bicyclist was en route for half the time indi- 

® 

cated in the conditions. From these suppositions, but without 
utilizing the relationship between the data, which is given in the 
conditions, she solved four incorrect problems: 
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1) How far did,.. What s^as the distance between 
•o the, two bicyclists? 

52.8km ¥ I ^ 26.4km 

2) How Ibng did the first bicyclist travel? 
6 hours V 2*'- 3 hours 

3) How long did the second bicyclist travel? 
4 hours V 2 » 2 hodrs 

4) How long did 1 bicyclist travel? 
3 hours - 1 hour ■ 1 hour 

Answer: He traveled for 1 hour. , 

As we see, Katya carried out the solution', not on the basis of 
the conditions given her, but rather on the basis of the problem she 
had made up herself, which she imagined as she read the given conditions # 

In conclusion we present an original solution of the problem by 
Rolya S> He was able to choose numerical data with only one terminology: 
he stated questions either on- finding the time of travel or on finding 
t^e distance. Kolya could not establish the relationship between the 
numerical data (route — time — speed). Judging the time of travel, he 
thought only about that; judging the distance, *ie imagined it, too, 
outside any connection with other data (time — speed) . He tried to 
solve the problem, stating a series of incorrect questions which diverged ^ 
from the stated conditions. These thoughts and questions, stated in 
passitig about the conditions, do not correctly reflect a single relation- 
ship between the data ayid the conditions: "By how many hours... in how 
many hours did the fp^t bicyclist travel., •how mi^h longer... I don'^t 
know, I ^11 break my head over this.../' 

He stopped stating questions on the numerical data expressing time 
(hours) and began stating questions on the data expressing distance (the 
route in kilometers) ; *^What distance more did the second bicyclist travel 
than the first... and how many more kilometers did the first bicyclist 
travel than the second. . .'i^^ • 



The pupil was asked to write the questions he had stated aad to 
solve ttfem, *'Please, you write, then they'll swear. I have to take 
a look... I don't understand." And again he gave incorrect questions: 
•'What distance did the bicyclists travel toward each other?** Thi^ 
question is not lacking all meaning if it is assumed that the bicyclists 
traveled the 52.8 km going' toward each other; but such a supposition 
deviates from the data of the conditions. 

At this point Kolya S. stopped stating questions, holding to the 
conditions, and began recalling a similar problem he had once solved: 
'Ve solved a problem once*., how much earlier did the second bicyclist 
return than the first? But I don't know how to solve it,.^ take 4 
houi:s from 6?*' , 

Finally he wrote one single incoxj^ect and unclearly formulated 
question: • ^ \ ' 

^) How much earlier did the second bicyclist 
return than the first? 

' 6 hours - 4 hours « 2 hours 

Answer: 2 hours # 



Preliminary Analysis of the Conditions > Composition of the Oral Plaa » 

to * 
and Written Solution of the ProbIeitf > 

Third Grad e (series IV) ' 

Preliinin a^ |i analysis of tt^ conditions by the analytic method 

The tkird grad^ pupils were given a composite arithmetic problem 
solvaba^ in two operations (multiplication and subtraction) : ' "From 17m 
of clotk 4 coats and 1 smock were sewn. 3m of cloth were used for each 
coat. How many meters of cloth were used for the smock?" 

Ea^ *pupil was asked to read the conditions of the problem aloud 
and, with the solved problem before him, to answer the teacher *s ques- 
tions. The teacher *s question^ and the pupil's answers aimed toward 
♦examining the* problem analytically. , . • * ^ 

!• What was sewn from the cloth? 

1^* And what else? (If the pupil does not give a complete 
answer.) 

2. What must be found out in the problem? 

3. What else was , the cloth used for besides the smock? ^ 
4* What must be known in order to determine how much 

cloth was used in one smock? 

5. How|aany meters' of cloth were there altogether? 

6* Is it known in the problem how much cloth was used in 
all the cdat^? 

7. How can we find out how many meters of cloth were used 
in all the coats i 
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8. By what arithmetical operatior> can we find this? (What ^ 
do we liave to do for ^ this?) 

9. How do we find out how many meters of cloth were used for 
the smock, if we know how many meters of cloth were used in the coats? 

After answering these questions » the pupil orally composed a plan 
and began the written soltition of the problem. 

Tlie aim of such aA iridividual lesson was to ascertain: a) which 
questions the pupils^ find hard to answer, and why; and where and what 
are the greatest difficulties encountered by the children in the 
analytic method of examining the given concrete problem; and b) how 
much this analysis of the problem will help the pupil solve the problem; 

. 6-2 



in other words, what is the relationship between the ability to 
answer questions in analyzing a problem, and the ability to compose a ^ 
plan pf solution and solve the problem independently* We should 
examine the latter, since in the preceding series the pupils showed a. 
divergence between their oral argumetrts and their subsequent written 
. solution of the problem. \ , ■ ^ 

In order to answer the questions posed in (a) and (b), let us 
examine the results of the pupils' solutions • Analytic analysis of the 
p'robfem was not made idaj^ically by the pupils ,^ and showed a varying 
Influence on their subsequent solution. There were differences between 
good, average, and weak pupils* At the same time, there was a common 
factor, Qharacteristic of all pupils, in their analysis and solution 
of problems: 

1, A coimnon. trait observed in all the pupils is their inability 
to extract the question' of the problem frop the conditions and state it 
independently. In reading the conditions, no child could immediately 
tell what was to be found in the problem. Instead of indicating the 
question of the problem, they began 'to read the conditions, to try to 
solve the problem; they repeated the isolated parts of the conditions 
which first came to^^eir attentioja. 

2» In- elucidating the question, with the teacher's assistance, 
, all the cliildren had trouble taking the ne^t step in analytic analysis'; 
tijey could not indicate both data needed for the solution to the ques- 
tion of the problem. Instead of the two data, the pupils:/ 

a) named only one datum, and always an unknown: , "We must deter- 

i ' mine how many meters went for the coats'^; that is, they stated the first 
question in the plan of solving the problem (Lesha S., Yd^ya S*, and 
Vera K.>, 

b) named* no data at all for solving the question of tfte problem, 
but solved the first question of the. plan (cotrectly or - incorrectly) ; 



that is, in answer to the question of what must be known ifi order to 
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As might be expected, weak pupils, and some average ones, 
experienced the greatest difficulties in analyzing and solving problems, 
It is the solutions of these pupils which we shall principally consider 
here. ^ 



1^ 



63 



^ - 



/ 



answer the question of the problem, the pupils indicated arithmetical 
eper^ti^ons on data in the conditions, either corre'c't ones needed to 
begi^^^he^ solution ("We fhave to multiply 4 x 3," Lena K.», Vova G,), 
or iii^^jBct operations on the first cWo numbers from the conditions 
(i^W^'mus^^ve 17 - 4^ . . 17 - 3. • . 17 + 4. , . 17 f 4,'' Yulii P., Nina 
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^fter analyzing the conditions, the pupils compose^ an oral plan 
o^ solution and then began the written solution of the problem. In 
composing the oral plan, non^of the pupils indicated the questions 
of the' plan of solution, but stat^ the solution at first (arithmetical 
operation and the data) , and only then stated questions for the solu- 
tions. Written solutions were also begun by solving questions of the 
plan^ and only then wis the solution somehow explained* 

It is remarkable that the analysis of the conditions influenced 
the pupils^ composition of the oral plan and solution of the problem 
in 44ffet'fio.t ways. 

a) Yulii P. and^Sveta P., in ^ their analysis of the conditions, 
^ ^ — 

answered quesfftons botn correctly, and incorrectly. Beginning compo- 
sition of the oral plan, they forgot and could not be guided by the 
conclusions (correct in the end) which they had stated in the analysis. 
■In composing' the a^al plan mentally, their first, Incorrect answers 
were used -primarily ; the later answers, which they obtained with the 
teacher's assllPt^nce, were, forgotten; 

b) Like Yulii P. and Sveta P., Nina P . , - in analyzing the prob- 
lem, first gave incorrect and then colrrect answers. But unlike them, 
she did not repeat a single incorrect (Question or solution in composihg 
the oral T?lan. She did her solution on the basis of her •correct, but 
not immediately iaolated, answers. * ^' ^ ^ 

c) Vova G, correctly answered all the teacher^s questions,* but 
er-red in composing the plan^ he did not immediateij^ outline the, correct 
questions of the plan. A 
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Preliminary analysis of the conditions by the synthetic method (third 
grade) j 

The pupils of the third grade were given aj^arithmetic problem of 
the same difficulty as the problem given for soli^tion by the analytic 
method of preliminary analysis. "F^om 18 sheets of iron 8 pans and one 
trough were made. Two sheets of iron wei;e used for each pan. How 
many sheets of iron were used for the trough?" 

After reading the conditions, the pupils answered the following 
questions, which directed their thought toward the synthetic method of 
analyzing the {>roblem: 

1. What was made from tit? iron? 

2. How many troughs were made? 

3. How many pans were made? - * 

4. How many sheets of iron were used for each pan? 

5. What can we find out if it is known that 8 pans were made 
and thati^2 sheets of iron were used for each pan? 

6. How can we le^rn this? 

7. ^ What do we obtainjlf we multiply 8 by 2? 
S.^What was made from the rest of the iron? 

9* How many sheets of iron were there altogether? 
10* How many sheets of iron were used £ox the pans? 

11. ^ What can we find out if it is known that there were 18 sheets 
of iron altogether and we know how many were us^d for pans? 

12. How can we learn this? 

13. What do we find out if we subtract 16 sheets from '18 sheets? ^ 
After synthetically analyzinp, the conditions, the pupil composed an 
oral plan and began the written solution. 

Like the analytic analysis, the pupils syntlustically analyzed the 
conditions with varying degf-ees of success as they encountered their 
own particular difficulties; the analysis had a varying influence on 
the su^J'sequent written sdlution of the problntnu^ 

^ In their synthetic analysis of the conditions, the pupils experi- 
enced the following difficulties: 

1) For most of the pupil^, it was difficult to respond to the 
questions with the prepared Answers existing in the conditions (that 
is, they could not isolate, and extract from the conditions, data 
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necessary for the answer) • Lena K,, Sveta P», and Nina F. could not 
even answer the first questioi^, i.e*, "What was made from the iron?*' 

Vera K,, Yulii P., Lesha S., Yuliya S., Nina P. and Vova G. could 
not state the number of troughs made — a^ datum given in the conditions 
(in answer to question 2). One of the reasons for this is purely 
fo^al — the number of troughs (^^1**) was given not as a numeral, but 
as a word C^one trough"). 

2) For all pupils, however, the main difficulty was with question 
5, in which a question is stated using two numerical data. Only one 
pupil, Vera K., stated the question and then indicated its solution, 
Th^ majority of pupils, however, gave the solution (numerical data 
and arithmetical operations) without stating the question: 

a) ^ correctly: Yulii P., Valya Ch., Lesha S., Yuliya S., Nina P., 
Vova G. 

b) incoi:rectly : Lena K. , Sveta P. 

No pupils who indicated a correct" solc^ion of the first question 
could explain it correctly (the^result obtained by multiplying 2^ sheets 
by 8). The children first stated an incorrect question to the correct 
solution they gave, and some of then! could not correctly explain this 
solution (Valya C, Nina P., Lena K. —second solution). 

After a synthetic analysis of the conditiotis, the pupils composed 
an oral plan^ and then began the written solution of the problem. 

Identical analyses of the conditions were not givon by the pupils: 

1) Yulii P. answered incorrectly and with difficulty; he did not 

listen to questions attentively and did not realize the logical directio 

of the questions he was asked, a realization which could have 'helped 

him solve the problem. It was felt that, he approached the solution in 

his own special manner, shifting with difficulty to the teacher^s ques- 

tioi^s. However, despite the incorrect oral answers given during his 

analysis t)f the problem, he correctly solved the ^problem in writing. 

^ Valya Ch. answered the questions proposed and orally composed a 

correct plan of solution;> in the written solution, however, she did 

not state the first question of the plan which she gave orally; in 

other words, the oral argument of both Valya Ch. and Yulii P. differed 

♦ 

from the written solutions • 
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2) A different quality is observed in Lesha S»,.Yuliya S., , ^ 
and Niua Theaa children employed the orally stated ideas more 
directly in the solution* They answered the teacher ^s questions 
correctly and then correctly solved the problem (Lesha S., Yuliya S.);' 
they erred in their argument, however ^ arid in the solution (stating, 
the question for the solutions — ^Nina 

3) Sveta answered only a few questions, requiring great effort 
and the teacher's assistance. She even incorrectly selected the data 
given in the conditions for her answer. Incorrect results were given 
independent of the incorrect answers made during the analysis of the 
conditions, 

•Fifth Grade (series IV ) . 

Preliminary analysis of the conditions by the analytic method 

The fifth glade pupils were given a compoxind arithmetic problem 
solvable in three operations (subtraction and two questions of -addition) 
"A harvest of rye and oats was collected on a kolkhoz, frim one field 
of rye they collected l32t 4c and from another, 9t 2c less. 
124c 7c of oats were collected from the first field, and 17t 3c more 
than this from the second. How many tons of grain were harvested from 
all the fields of the ^kolkhos?'^ 

There are two ways to solve the problem. 

The first way leads ipore quickly to an answer for the question of 
the problem: 

1) How much t;ye w^s harvested from the second field? 

2) How much oats was harvested frqpi the second field? 

3) How many tons of grain did the kolklioz harvest from all 
itfs^fields? 

The second way is longer, in a plan of five questions, and contains 
two superfluous questions (2 and 4) : ■ 

1) How much rye was harvested from the second field? 

2) How much rye in all was harvested from the two fields? 

3) ^ How much oats was harvested from the second f-ield? ^ 

4) How much oats in all was harvested from the two fields? 
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5) How many tons of grain did the kolkhoz harvest from all its 
fields? 

After he read the conditions, each pupil was given questions from 
the analytic method of analysis: ^ 

1) What must we find out in the problem? 

2) What does %ow many tons of grain in all" mean? * Is this how 
many tons of rye or of oats? . ' ^ » 

3) How many fields were i^anted with rye? 

4) With oats? 

5) Whatnot ye have to know to determine how many tons of grain 
the kolkhoz hfrvested from all its fields^ ' 

6) From which fields do we know how many tons of grain were 
harvested? 

7) And from which fields is it not known how many tons of grain 
(Were harvested, a quantity v which we must determine. 

8) How do we^finf;! out how many tons of rye were harvested 'from 
the second field? 

9) H6w do wa find out how many tons of oats were harvested from 
, the second field? 

10) How do we then find out how many tons of rye and oats alto-* 

gether were harvested from all th« fields by the kolkhoz? 

>■ 

After the analytic analysis, the pupil is asked to compose a plan 
("Tell me how you are going to solve this problem") , after which he 
begins an independent solution of the problem • 

Tlie excellent fifth grade pupils were relatively more successful 
in ar;alytically analyzing the problem than were the third graders • The 
poor pupl^ls (and Kolya D., au average pupil), however, encountered the 
same difficulties which had been observed in the third graders (see 
above). Kolya D. could not say what was to be found out in the prob- 
lem. Only at the teacher's request did he read the question of thc^. 
problem* When asked ques*tion 5, what must be known in ordfer to answer 
the question of the problem, he named only one unknown datum. Tlils.ls 
the cause of the error in Kolya's solution; he did not select the known 
data given in the problem (the quantity of grain from the first fields) 
in order to solve the third question. 

68 
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The poor pupils (Manya V., Nina , Vitya K.) did not recognize 
the question of the pr^lem. When aske^ what must be found out in ^hg 
problem, they stated the first question of the plan of solution: *'How 
-inuch rye was harvested from the second field?V Just like the third 
graders, the poor fifth graders had trouble answering question 5 (what 
must be known to answer the question of the problem?) . Instead of ^ 
the answer — "W^ must know how much^ grain^the kolkhoz harveste'd from 
each field*' — the pupils stated an arithmetical operation (addition): 

•*We must add..." (Vitya K.). ^ 

'*We must add... frota the 'first and from the second" (Manya V,) . 
••We must join oats and rye together" (Nina Ts.)- 

Besides the general difficulties common to third and fifth graders, 
individual fifth graders a^eountqrdft^ special troublesl Fcr,>a'^ong time, 
for instance, Vitya K. could not understand what was already known from 
the conditions (from what fields rye was harvested) and what was un- 
•known. Manya V**%ave three incorrect answers to the! question, ''From how 
many fields was rye hairvested?" ' 

• Each pupil compose^ his' own oral plan and solved the probleitf in-* 
writing. Vitya K. c^ally outrined Jhree correct quest^ns of the plan 
and named the correct "33^^ for solving the third question (the question 
of the problem); but in the written solution he di4 not use all the 
data for solving the third question, and hence did not answer the ques- 
^tion of the problem. Manya V. , Respite mistakes in analysis, outlined 

w 

a*" detailed and time consuming way of solving the problem in^ five que,s- 
tions, and obtained the" precise answer to the question of the problem 
(she alone of all the poor pupi^ls did this) . Nina Ts y composing an 
oral plan, fi^tated necessary and unnecessary questions and final^^])e- 
came completely confused. However, as soon as she was asked, **What is 
the first question?'*^ Jftife stated the correct first question and was 
^?^n able to further orally outlii^e the plan of solution in three 
stages. But she erred again in the written Boluti%n. She did not 
indicate all data for the solution of the third question (the question 
of the problem), but added only the quantity of oats and rye harvested 
from the second fields. 

Why do th^e poor pupils (including a good pupil, Tolya A., and an 
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average pupil, Kolya D*)* when a^ked to*^ state the' question *of the prob- 
*lem' &tate the first question of the plan of solution? It. appears/ that 
as soon as the pupil has' read the conditions he be"glns the solution bf 
the question — an attempt is made to state the question from the give^ 
data (synthj^sis) . He states this solution as ^he ansi/er to the teacher 
questidn. Moreover,- the question far directing the subject ' s' thinking 
(*^What must be found out. in the problem? '0 , when he has already found 
outj' something in the ^frobleta., is perceived by him as a confirmation of 
hins^^^on* This is why. the pupil' answers . without even miotic ing his 
mist^^^^e states the first question of the plan of solution, ^ As can 
be ^een, the basis for this tendency is the liabj^^of solving a problem 
without the requisite understanding o£ the requirement of the question ' 
of the^ pYoblam^ the habit of approaching analysis of a problem in the 
'synthetic manner • ' -» ' - 

Another fault char^cteristiu, of most puft^-ls of the fifth grade, 
and of all. pupils^ of the third grade, in answering the fundamental 
efuestians of an analyti^c character (our c^uestion S) , is th^ '^half-and- 
half answer " — the indication of . only one daAim' nfeQessary for solving 
the question of the problem and, as we have seen, an -unknown -datum. 
What is the cause of tftis characteristic peculiatity? Besides the flaw 
in instruction, in which the children ^re usually not required to s^ate 
two Hata, the pupils u^ders^and the question, "Wlmt must be known la 
order to answer the question of the problem?" as the simpler question, 
"l^liat must be found "in the prbblem, which unknowns are to be deter&ned 
in order to answer the question* of tlje problem?" Tlierefore the pupils, 
almost without- noticing their error, state only the unknown datum for 
solving *the questions of the problem, losing sight of the known, data 
given in the conditions. For this reason, as^ we saw ^bovc, the ques- 
tion' the problehi was Incorrectly Solved by several pupils (Kolya D^, 
^Vitya Nina.Ts.'^. * ■ ' - ^ - ^ 

^^^lie^ood and average fifth grade pupils, ui^Hk^^ the third gradti^. 
pupils, were, able to isolate and state fhe questions of'\^he* |5rc)bUMn. 
Moreover, they shov (cjualitatively) increased abilities in plan^compo- 
JsitlpA and in problem Solving. The pupils outlined the oral plan not 
"ty indicating the ar ithtnetifeal op^erations -^md the data, -but by first 
stat2lng the questions; they rar'ely stated the solAtioios to them. ^ 



Wri^ten splutlon^*were also always begun with a^statemeut of the *. 
•questions; then'^^e solutions were given, Tl^ffe questions of the oral , 
plan an<i the written solution did not differ. . 

Preliiainary analysis of the conditions by the synthetic method (fifth 
^rade>j^' ^ ' ' 

The fifth grade pupils were given a compound arithmetic problem ' 
with the same mathematical content as the problem given for solution 
using preliminary analysis by the Analytic method: ''Some fruit's and 
vegetables were bought » "24r 40k were paid for pears and 4r 70k less 
than this for apples. 7r 40k were- paid *f or potatoes and 14r 60k more 
than this for oiSions. How much money was paid for the entil^6 purchase?* 

There are two ways to solve' the problem: 

The iirst way (the shorter one) u^es a plan with tJhree questions: 

1) How much money was paid for the apples? 

if *■ 'ft 

2) How 'much money was paid, for the onions? . ^ 

- ^ 3) How much money was paid for the enti^^. pui^chaee? " s 

The second way is longer, requiring the solution of th6se three 
questions and two others, ... ^ ' ^ 

After he has read the- conditions,' the pupil is given qjiestions 
from the synth€!tic method of analyzing the problem: » , 

yl. 'What fruits and v.eg^ tables were bought? 
^ 2. How much was paid for potatoes? For ^onious? For pea^? • 

■ For apples? . 

2a. For'-which items do you\, know how much was paid, -and for which 
do you not ifnow? 

3. How^much w^s paid for the j$?a^? For the apples? Wliat Diay 
be found out from these numbers? 

4. How can you find out how much was paid for, the apples? 
5» What else was bought? 

6. How much was paid for the potatoes?^ For the onions? Wliat 
may be found out from these numbers? * 

■ . ■^ 

7 . ^ How can you Mnd out how much was paid for the onions? 
^ 8. Wlien you have -f qund how much was paid for the apples and 

tlie onions, and the pilftblem 'indicates how much was paid for the pears 
and the po.tatp^fi^what wi^l you t^en be*abj.e .to find out? 

' . 71 * * ' ^ 
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9/ How will you be able to find out how much was paid for the 

* 

entire purchase? 

After the synthetic analysis, the pupils be^n oral composition 
of the plan; they then solved the problem in writing. 

The fifth graders handled this type of assignment witk more 
success than the third graders. . * 

The results of the analysis and subsequent solution of the problem 
are somewhat different in childr^en of different degrees^ of aptitude; 



this distinction is most i^otizeatle in childr^en of weaker aptitude and 
less noticeable in the good and average pupils. 

a) All the good and ^^ayer^ge pupil^ correctly a'hswered the ques- 
tions In th^ analysi^ .^composed oral plans and cor^ctly solved the ^ ^ 
it problems • One average pupil ,^ Kolya D., erred in solving the third 
question (in selecting the data), ^ . - ^' 

t) The poorer pupils had tr^j|ple answering, iand gave in<;orrect 
answers to, several questions in ^he problem analysis; they could hot 
orally outlipe a correct plan, and they Jll solved the last qi^stion of 
the plan incorrectly .(they erred in selecting the data) • / 

The greatest diffitiilty for third "and fi'fth graders alike was 
, presented by questions 3 and 6. To answer both these questions it 
is necessary to state and solve *a question using two data. EVen • 
though th^y had already answered question 3 corjectly, some children 
""'(Kolya D., Vitya K. , Manya V;) Had trouble with, .question 6 (requiring 
the same ability to state a question using two numbers)., 

l^y is this so? Why did thB children draw^a copi^t conclusion 
from the exifitljng data in the first case .and err in. thp sfeponxl? 

^jt appears that the succeps and correctness of the ^swer depends^ 
^ ' greatly on whether the teachefr ^ s^question coincides with the pupil^s 
train of thought a^ he goes through, the solutibn, *It Is not hard to* 
see that in the first case the pupils answered the teacher^s question 
correctly because it coincided Vlth their already fixed sblution 
the question, a coincidence which was not found in the second question. 

. . 'I ■ 

Seventh ^Grade ( series IV) ^ • , ' ' ^ 

\ Preliminary analysis qf\thc* conditions by the analytic method ^ 
The seventh grade pupils were given this compound arithmetic 
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problem; *'A kolkhoz harvested 120 centners of oats and 3 t^nes as 
much rye. Three-fifths of the grain was given to the government and^ 
75% of the grafin remaining- in the kolkhoz was distributed to ^he 
kolkhozniks. How many centners of grain were given to the kolkhozniks?' 

We conducted an analytic analysis with the pupils after they read 
t^e conditions; we asked: 

1. What is to be found out in the problejn? 

2. Can you immediately answer the question of the problem? 

3. \^at must we know*in order to determine how many centners 
of grain were distributed to the kollchozniks? 

4. What must we know in order to determine how much grain the , 
kolkhoz harvested altogether? 

5^. How can we determine how many centners o-f grain the kolkhoz 
collected? • . ' 

6* How can we determine how many centners of grain the kolkhoz 
gave the government? , ^ ' 

7. What must we know in order to 4^ermine^ how many centners of 
grain "temained in the kolkhoz? / ^ Y 

8. How then^ can we find"*out how "many centners of grain were 
distributed to the kolkhozniks? w 

After the analysis^ the pupils were first askad to tell how they 
were going to solve the problem, anS^were then allowed to begin the 
solution. The seventh grade pupils* answers .to the question (the 
analysis of the condftions) , composition of the plan, and solution 
the problems differed in their gi;*eater. individuality. Some pupils 
grasped the gene^J'al idea of_ the problem, outlined a general plan 
from it, but still did not imagine that they might use this plan and 
the existing conditions to solve the problem* They stated the plan^ 
but appeared N^capable of carrying it Wt, using the existing con- 
ditions of the Concrete problets-- (Ko^arS * , Tamara Sh., Ira S., Yura 
BO . Others jDutllned incorrect qu^tions in a general plan, byt ^\<^ 
correct solutions. , 

Characteristic is the solution by Ira C'. The^^pupil^s questions of 
the plan reflect her rather general and imprecise understanding of 
the idea of the problem. But the solutions to ^these questions 
(arithmetical operations and numerical data) are correct: 



1) How many centners of V^ye were there? 
120' X ,3 - 360c 

•2) I^ow many centners of. grain were given to the government? 

i20c + 360c - 480c 

3) How many centners' of grain remained from the government? 

' ' 3/5 of 4§0c - 288c ' , 

4) How many centners of grain were left? 

48Gc - 288c - 192c \ ' . ' » ' 

5) Uow many. centners of grain were distributed to the 
kolkhozniksZ 

/75% of 192c - 144c 
Answer : 144c # 

Still other seventh- graders outlined a correct oral plan, and correctly 
used it to solve the problem (Nina M.)» 

'preliminary analysis of the conditions by the synthetic method (seventh 
grade) 

The seventh grade pupils were given a problem identical in diffi- 
culty and mathematical content to the problem given for solution using 
a preliminary analysis by the analytic method: "A shoe factory mad^ 
240 pairs of shoes and 3 times as many slipper^* Two-fifths of all the 
footwear was sent to a store and 25% of *the remainder was sent to a 
booth. How many pairs of footwear were se|^ to the booth?^^ 

After reading *the conditions, the pupils were given these questions 
for a synthetic analysis of the .problem: 

'4, 1. How many pairs of footwear were made at the factory? 

2. How manyv^^mes mcrre. slippers were made than shoes? 

3. What can you learn if you are told that 240 pairs of shoes ' 
were made and 3 times as many slippers were made? 

4. How can you find out how xfiany pairs of slippers were made? 

, 5. What can you find out if - you are told that 24D p^irs of ^ 
shoes were made, and you learn how many pairs of slippers we^ made? 

6. 'How can you find out how many pairs of footwear were made 
altogether? ' > 

7. If you know how many* pairs of footwear were madfe altogeth 
and you know that 2/5 of these went to the stpre, what can you find 
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8. When it is known how many pairs of footwear, there were in all, 

« 

and how many pairs were sent to the store, what will you be able to 
find out;? " ' ' ' 

9. How can you find out how many pairs of footwear were left? 
10. If you knew how many pairs of footwear were left after some 

had been sent, to the store, and it is given in the problem that 25% 
of the remaining footwear was sent to the booth, what could you then 
find out? A 

After the analysis, the pupils were asked to t:ompose an oral plan, 
and then begin the written solution. 

The pupils' answers to the questions in the analysis and their 
solutions differed greatly (and this difference depended very little 
on the aptitude of the pupils): a) some pupils ccirrectXy answered 
the qu^^tions, composed ^ correct plan > and solved \h» problem ^(Nina M., 
Cflya T., Yura B., I!ra S.); b) others answered the individual questions 
incorrectly and made various Errors in the/solution: for a long time 
Ira S. did not understand how to answer question 5, and she erred in 
the written solution of questions 5 and 6. Kolya^S. and Tarnara f^h. 
could not iimnediately answer questions* 5 and 6 (where it was^ nece'ssary 
to s-tate a question from the data), but, nevertheless, correctly composed 
(orally) the plan of solution, although they erred in the written solu- , 

tion (Kolya S. selected incorrect data for solving correct" questions 

the fourth and fifth — of the plan, aiid Tarnara Sh. did not state and 
did not solve the foifrth question of the plan): Katya B. answered ail 
questions correctly, but she^-could not orally compose a precise and 
correct solution plan (athong the correct questions she gave several 
incorrect ones), and she stated a third questlpn incorrectly in the 
written solution; despite all this, the solutions were correct and led 
^ her to the pxac t answer to the question of the problem. 

Cmnjar Ison o_f th_e Analy t ic and Synthetic M ethod s ol_ Analyzing Complex 
Arittimeti c Prob lems (from experimental data) 

In our conclusions for nach grade {third, fifth, and sevonth) we 
considered, as f!|r as the factual matexial allowed, the general and 
individual dif f ilVil ties characteristic of the pupils in employing the 
analytic and synthetic methods of analysis. Now let us make a .compara- 
^ tiVe evaluation, on the basis of the data obtained from this .serifes, 
of the synthetic and analytic methods of analysis, using as cr.iteria 



their comprehensibility and efficacy. 

From the results obtained let us answer these i^terrelated , ra^Xxx- 
ally ^conditioning questions: 

1) In analyzing a concrete problem, which of the methods of 
analysis was the easiest and most comprehensible for the children? 

2) With which method of analysis did the children have most 
success in the oral composition of a plan and the independent wri^^ten' 
solution of the problem? 

Having answered , these two questions, we can consider the most diffi 
cult question, which requires special study and profound pedagogical and 
psychological analysis: ] 

] 3) What is the role and significance of analysis, the influence^ 
of one or the other method of analysis on the subsequent process of 
solving the jjroblem? In other words, duringl^ich of the methods of 
analysis— the an^ytic or the synthetic one— is the child's mind best 
attuned to the correct way of solving a problem; with which method 

^oes'the child best grasp the logical system of tjuestions which leads „ 
to establishing relationships among the data and to composing a plan ' 

~ of solutions. j^p ^ ^ 

The difficulty in answer^ the third quest£on\is tli^t the solu- 
tion itself 'does not permit us to judge the role of analysis with 
thoroughness. There are two reasons for this: first, in tjiis^and othei 
series wg observed a discrepancy between our pupils' arguments and 
their solutions; that is, the results which the child obtained 
analysis of the conditions were not always used in the solution; second 
since, to a certain extent tht so]*otion Is conductefl independently ofj^ 
the arguments in the analysds, the pupil can understand in ^ the solu- 
tion process something he h^d not understood in the Analysis. It can- 
not always be established whether the^pupil arrived at t^e correct 
solution during (he ora^ analysis, or during the .written solution.- An 
!ntermedlat.e, transitional slaRO a his somewhat In unde.r s Land ing the 
dependence' of the solution upon the analyslB. The stage is the cofcpo- ■ 
sition of the oral plan, after the analysis of the conditions, and 
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Here one must remember ttiat^ in the school where the m^iterial was 



gathered, the basic mt'thod of analysis in teaching children problem 
solving duriTig tht^ first years of insLructio'u was the synthetic, method. 
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before the written solution of the problem* 

Let \X8 now answer the three questions posed^ above # » 

1. Which of the methods of analysis was the most comprehensible to the, 
pupils in a^alyzing a problem? 

Among pedagogs and methodologists there is a rather widespread ^ 

opinion that the analytic method is more difficult, and is therefore 

i»ecommended only in the* final years of instruction in the elementary 

school. The results of series IV •of our experiments do not uphold this 

opinion. In analyzing problem conditions^ for 68% of our children, if 

,8 9 
synthesis was strong, analysis was also strong; if the pupil cWrectly 

answered questions during sjmthetic analysis, he answered questions 

equally well during the .analytic method of analys,is. The 68% was 

divided in the following way: 44% had trouble with^both the synthetic 

and the analytic methods of analysis; 24% correctly answered questions 

in both types of analysis. The other 32% were pupils for whom the ana-" 

lytid and synthetic methods presented varying difficulty. Of these 20% 

gave more incorrect answers during the synthetic analysis than during 

the analytic analysis, and 12% answered .more questions Incorrectly using 

the synthetic. The third grade subjects gave more inc'orrect answ^s 

'during the synthetic method and the fifth and seventh grade subjects 

gave more incorrect answers during the ^ixalytic method. Thus, no 

significant advantages in the ease and comprehenslbility of either the 

pnalyti^ pr the', synthetic methods of analysis were observed for our 

pupils. 

2. After which met<^d of analysis did the pupils more successfully 
compose an oral plan and give a written solution to the" problem? 

a. The pupils* composition of the oral plan of solution after each of 
the methods of analysis of the conditions. 

The quantitative correlation of the qualitatively different types 
of Oral plan cosfij^osition among the pupils changed in relation to the 
•methods of analysis. We saw above that, after one cPt the other method 
of analysis, the subjects approached comijosition of the^oral plan in 
different ways: a) some* of them outlined the questions of the plan, 
b) some also showed the solutions to the questions they stated (that is, 

8,9 

With regard to the pupils' answers to questions during the 
appropriate metjiod of analysis, 
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arithmetical operatioivs, numerical data) , artd some 'composed incorrect 
plans by not stating the questions, but indicating solutions only, or 
else by first stating the solutions and only then posing questions to 
fit solutions. * ^ 

>The dependence of these qualitatively, different types of plan 
compasition upon the method pf analysis are.^presented in Table 2. 

The tesults shown in Table 2 indicate tlhat after the analytic' 
method of- analysis the number of cases in which the-oral plan of solu- . 
tion was composed by stating the questions^ increased (as compared to *" 
^.the synthetic method) and the number of cases in which it was composed 
'hf indicating the solutions (operations, data) decreased; this shows 
'the influence of the jmalytic method of analysis (which facilitate! . 
;:he composition of the plan, and makes it more logicai^than the syn- 
thetic method) upon the subjects of the third and fifth grades. The 
differences in composing a plan s#em depend lass aipon the different ' 
'meth^ of analysis among the seventh grade subjects-. 

After using the synthetic method, not one of the third grade sub- . 
Jects outlin^ed the plan by stating questions,, while after the analytic 
method, 8% first stated the questions, and half of . these also- indicated 
the solution to the questions. Case^ of composing a plan by indicating, 
solutions (and not questions) decreased to ^6%" -in third grdde pupil^ 
after the analytic method of analysis (from 34.6% during the sy^thCtic 

method of analysis) . 

The fifth grade behaved similarly. All subject^ of the fifth 
grade, after the analytic method of analysis, stated the questions of 
the solution plan of the problem, wbilr, after the synthetic method, 
7^7% had outlined a plan by indicating solutions, after which they 
stated the questions. , - ' ^ 

T^e seveijth grade pupils, on the other hand, produced mojTc correctly 
composed plans 'after the synthetic method than 'after the analytic method, 
b. The pupils; 'completion of thf^ written solution after each of thp 

methods of analysis. ' ^ ^ 

After-.being intrqduced to both the synthetic and analytic methodf? 
of analysis and compositi^ of' the oral pian, the pupils solved the ^ 
problems independently. A. did not ob^^erye as great an influence from 
the method used in the preliminary aAalysls' of the conditions'ln the 
written solution as we noticed 'in t\^^. composUiou jf. the oral plan of 
solution. 
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TABLE 2 

COMPOSITION OF AN ORAL PLAN AFTER ANALYZING THJT (fONDITJONS 



Method 
of 

Preliminairy 
Analysis 


Qtiestions 
of the Plan ^ 


' Questions of thV 
Plan & SpiXitioife 


Plafi Composed 
by 

Indicating 
Questions 


Plan Composed Incorrectly 


Grade Grade Grade 
V vn 


Grade Gf^de Grade 
Hi ' VII 


' Grade Grade Grade 
• III V ' VII 


Synthetic 
Analytic 


\ — • — ' — 

\ 

0 26,9 23*1 
4.0 36.0 20.0 




0 0 7.7 

4.0 13 8.0 


V 

57.7 
72.0 


57^1 22.3 37. i 
\ 28.5 11.2 62.5 



Note — Entries in the first seven columns appear to be percents of all students using a given method of 
preliminary ^naly^is; 'entries in the last throe columns appear to be percents of all students 
in a given grade using a given method of preliminary analysis (Ed.). ■ • 
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For convenience of comparison we have put this in Table 3. 



TABLE 3 

INCORRECT QUESTIONS ANB INCORRECT WRITTEN SOLUTIONS OF THE 
PROBLEM AFTER ANALYSIS OF THE CONDITIONS AND COi^OSITION 

OF THE /lAN 



\ 






, 1 

Method 
of 

Preliminary 
Analysis 


Incorree 


/ * 
:t Questions 


Incorrect Solutions 


Grada 
III 


Grade Grade 
V VII 


Grade 
III • 


Grade 
V 


Grade 
VII 


Synthetic 


6.2 


-— . — ■ r 

3.7 ' 8.6 


21.3 


18.5 


17.2 


Analytic 


7.2 


0 • ll'.4 


-21.1 


11.5 


17.1 



&.6% of the students did not state questions* 

NOTE — Entries are represented as percents of all students in a 
given grade who solved, the problem (Ed<.)» * 

From Table 3 it can be seen that in fifth gr&de pupils, after 
the analytic method of analysis, there is a slight decrease (compared 
to the synthetic method) in incorrectly stated questions and solutions. 
In the seventh grade pupils^ however, there is a slight increase in 
mistakes. Tlie written solutiefis o*f the third graders after the analyti^^ 
ai^lysis were almost thai same as the written solutions after synthetic 
analysis. 

3. , What influence does the preliminary analysis have on the process : 
of the solution of the problem? ■ , 

On th^^ basis . ol5 the data (given in answer tp questions. 1 and *2 
above) of this series, let us now discuss how the solution process 
depends upon the preliminary method al analysis From what has-been 
presented it is not hard to see some very essential facts. 

a) The composition of the oral plan Is determined by the prelim- 
inary method of analysis* After ha analytically analyzes the condi- 
tions, the subject is, more successful In outlining the solut^ion plan; 
tliTS dependence of the plan composition upon the method of analysis 
decreases gradually over the years of instruction. Thus, in the third 
grade, the number of incorrectly composed oral plans was 28^6% less ■ 
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after the analytic method of aoalysiis than after the synthetic method; 
in the fifth grade the decrease was !ll.l%* In the seventh grade, 
however, there were 2S% Inore correct^ly composed plans after the syfithetic 
method than after the analytic metho^ (see Table 2) . 

b) However^ the success of the written solution dep^ends l^ittle 
upon which^ one of the methods was \lsed to make the analysis ; it depends 
more how the analysis of the conditlofis was carried qut* how the 
children answered the stated questions. After the analytic met^d of 
analysis the number of inccnrrect questions decreased by 3.7% in fifth 
grade pupils. In seventh grade-^pupfls , however, it decreased by* 2 ,8% 
after th|r sy nthet ic method was used to anal^e the intorrect written ^ 
plans*; this is^in accordance with the success^ f the preliminary ^ 
analysis (see Table 3) . , * , . • • 

It follows ,^rom this that the increase of correcjt reaspning after 
the analytic jnethod, observed in third and fifth grg^^^'^pupils during 
oral^com^sition of the plan, not realiz'ed fully in ^the written 

solution. In other words > whexx beginning the written solution of the ^ 
problem, the children were influenced lit tle by^ their oral ^reasoning.* 

The results of 'the aforementioned qualitative analysis of the 
pupils' performance of assignments in other series helps us to explain 
this factp In particular,, we saw (see series II, seventh grade) that 
one of the characteristic futures of the pupils' solution of a problet^--' 
was the. insufficient use of conclusions drawn' while mastering th e con dl- 
tions of the problem. Wlien returning" to the conditions,, the p<Jpil tries 
to recall, not vhat he undeVstood and indicated during the analysis, 
but how he had once solved a similar, familiar problem; the success of 
the solution is determined more , by earlier mastered devices of problem 
solving, sometimes simply^by a mastered stereotyped pattern of solution 
^(see^ series I, third grade)* 

In the results of series- II we^noted that the upper -grade pupilski 
give evidence of theiV own 'indivimial approaclies to the solution of 
proOTems, with all the weaknesses acquired over years of instruction. 
Hencp the analytic metii(od of analysis and the subsequent composition ' 
of. the plan, as well as t^ written solution of the problem, gives way 
in "^t^ie seventh grade pupils to the habitual syuthetic^iaethod of aaaiysis 
and solution, i 
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Thus the qualitative feature of the pupils' approach to solving 
the problem explains the obsei;ved discrepancies between the oral 
, composition *of the plan an4^ its written realization. The results of 
this series once again confirm; the existence of this peculiarity, 
characteristic of our chilc^ren's approach to, the solution of problems. 
The j)upil8 carry , out more, correct arguments and conclusions with the 
analytic- method than -with the synthetic, but use them less in the written 
solution* this can be explained by the peculiarities of the types of 
approach as veil as hy the need for switching from oral reasoning i-n 
.an analytic plan to th^ problem's written solutioh, which is always 
done according to a synthetic plan. Obvious^ly, the pupils have- in- 
'sufficient ability to make such a transition, which demands flexibility 
and quick-witte<^ness . Since the transition is not reproduced by the 
pupils, it escapes the teacher ^s attention while she is teaching them 
to solve problems. The methods of analyzing problems hypass this goal^* ' 
Thus we see in the results of this*series 'that the analytic method 
may be use4 as successfully as, the synthetic metliod In the problem 
analysis of pupils of the lower^ grades . « * 

The seventh grades' ability to apply the analytic method of 
analysis is weaker 'than tlneir ability to apply the synthetic ii\ethod» ^ 
Tliese pupils hold more successfully and stubbprnly to the ''synthetic 
mpde v^hich predominates in school^vpractice, than do pupils in the 
low^r grades, who have been less influenced by instruction.^ The pupils n 
of the lower /grades analyse the conditions of a problem by the analytic , 
method juBt as . successfully as by the synthetic^ method.' ' 

Tlius, on. the .basis of the experimental data we draw this conclusion, 
' confirming our hypothes-is based on a search of the literature: t)ie 
analytic method «f analysis should ^e used in the later years of study, 
thereby making Impossible to consolidate . the ability to use the 
^synthetic method, leading to the development of less conscious solu- 
'tioas of problems by the isolation of the solutions of separate parts 
of the conditions. > 

-If we consider, furthermore, that the auxiliary school pupils 
flrf more tO' wliat they have learned (often not consciously ^nough) in 
^tJieYom^ of . mechanical devices, s'cjlemes ,and stereotypes of the solution" 
of a problem, an4 that thfeV try to operate with them, but not with 
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iscious reasoning according to the given conditions, then fqr the 
aSftii^ry school our, conclusion is thfi first step in correcting the 
laentally^fetarded ^child 's personality; problem solving can help attain 
^ this goal., ' y" ' 

Only when both the synthetic and the analytic methods are used 
eiiaultgneously in proble^n^olving instruction is. it pos^^le to fur^pier 
^ overcome the insufficiency cha^racteris tic of auxiliary school cfeti^ren's 
approach to problem solv.^^lg— the attempt not to ^reason, but just to 
operate; not, to explain or substantiate one's actions, one's steps 
along the road to solution, but to^> "solv^ the problem^^ > • to outline a 
barren, incoherenjt: course of solutipn. How can I solve it, what should 
I do? pur 'pupilsWoncentr.ated primar^ily o'n|Such a question and were 
little interested in the more esseatial questions— what liad to be ' 
solved, and why must this and not that operation be usecl? Why must 
such^and-6uch a question be stated, why must this and ndt that operation 
be selected? Wh^ should precisely these and not those data be used? 
/ And onl . ^ / ' 

Application of the anal^^'tlc method of arialysis from the first years 

of instructipn would be directed againsj:'' the .laatn defect,^ the weakest 

' '-'^ ■ A-^" ' * ' ' ' ^' I* 

link in the development of tl^eV^lcill^gf 'jggj^ng prbblens — against the 
J yearning, to' arrive at* the an^^ep^^^^js'^^e^ qu^^^^ of the problem a 
j***iii»,^a^en,^insuf f ijiiently Qonslde-r'ad an^ unsubstantiated solution. 

^ Some Features of^^ Recognition , o^ the Solution of Problems , ^^-"^^^ 

\ ' and of th» Preliminary Analysis bl the Conditions 

'The function of analysis is not limited <nerely to the direct break- 
down of a complex^ar l^thmetic problem into a series of simple -ones. In 
our opinion this is the end result of tha^ mental activity -which is 
active during the analysis, before it» ^d after it, which begins'^as \ 
•soon as tjie pupil has read- (or heard) the conditions of the problem. 
Tlie analysis of the conditions of .the problem is insepfarable, from 
the psychological standpoint, ^rom the process oV recognition and 
solution. On tlie contrary, the process of analysis promotes recognition 
of tlfe conditions, complete understanding, and solution* of the problems. 
Therefctore, before dwelling on the features of the analysis of 
)lems, and those difficulties observed in our *4^pils during such 
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analysis, let us point out several features of rScognition and of the 
solution of problems/' 

Some Features of Problem Recognition. Characteristic of Auxiliary Schogl 

Pupils ' i" ^' ' ^ ' * 

We can point out only certain general and individual peculiarities 
of 'the pupils' recognition of ^problems. The pupils* recognition of a 
proble^i changes depending on instructional experience. Qualitatively ^ 
however, tHi$ change is insignificant: 

a) The third graders are best aware of the problem as conditions • s 
without a Question* The question of the problem remains outside the . , 

upl^'s cognition and does not determine or guide the splu|fe.on — It does 
not influence the selection of data br of operation (see the solutions 
in Series I). The third grade pupils,|Wheh requested, could not even v 
extract, the question of the problem f romvthe conijiitions ffeee ^eries IV) • 
Moreover, they recognized t)\e conditions of the problem as dloat^St^pSig » 
nondif f erentlable, an indivisible unit% ' The children liad trouble t^ot 
only in extracting the question of the' prc^lem, but in stating the^ ^ 
separate numerical data, words, etc. Instead the o'ne ireqtxired datum , 
'they named it along with a series of associated words, and sometiliies to^k 
into consideration the entire coiuiitions; here the recognition of th6 
conditions, even withdut^ a question,^ occurs only when the ^problem ' 
appears in a foAi faml^liar to the children from school instruction. ■ If' 
,its cohtent is changed, for instance, , by omitting the numerical data • ^ 
but leaving the story of the problem and the question" (serie^ II), oi^ly 
^the strong pupils will re90gni2e • the problem. Average pupils no longet 
will recogniise the conditions as ,a whole even without the question; 
they will understand only separate words, only pirts 'fif the conSitionSi 
"Some poor pupils perceive the stated problem- with' its meaning distorted 
and find things in it that are not there; they compose » diff eretit ^prob-- 
le'm of their own nuking* - * , 

/ * * ' 

b) In the fifth graders the^questlon of, the problem also <iid not , 

determine the solutions. Recognition, of separate parta. of* the condi^ioxis 
was somewhat better, however.,. The^ fifth grade pupil's c-arried out little 
Velated soj-utions, using separate parts of the conditions more, freely, - 
and they could already state the queatlton of the problem, which was 



usually copied down last in the splution. 

ic) The seventh graders freely produced all possible solutions of 
the^eg^rate parts* of noncou^lex conditions (series IX), but the ques- 
tion of the problem Vas also often' ifinsuf f iciaQtly recognised. At best 
the strSng and average pupils became aware of the (^estion as a Result 
of t^e individual solutions. Some of the weak pupils also showed 
insufficient recognition of the conditions , altering the conditions at^, 
their own desire,^ or linagining and solving a problem different from 
the given 'one (serife III). Strong 4nd average pupils could extract 

jBStion of the problem. . The poor seventh graders, w^en requested ^ 
c^ld not immediately point out what was required to be found in the 
prooi^ (series IV) . , % • ^ 

The ways in whic^ our pupils realize the condi^^n of the-proby 

and understand the question of the problem generally coincide withAhe 

' J 

tesults obtained by N. A. Menchinskaya [2] in her experiments witA pupils 

* * * / 

of the mass school. The process of problem recognition in our pupils,, 

however, is qualitatively* different . While the pupils of the 

(first grScie) operated in their solutions' upon the partial 
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conditions, and were aware of their semantic aspect, our putrils, even 
those of older school age (of the third, and sometimes even the fifth 
gr&de) , could not take into consideration the Semitic aspect of the 
^giyen conditions. 

Such'were the general characteristics of .most of tfhe pupils. How- 
ever, there were more subtle distinctions in individual features of 
recognizing the cohditi9n3* Some pupils did no^ ;-emark oil the similar- 
ity ,of semantically Identical problems differing only in insignificant 
ways; others remarked on the general similarity -aim thd finer concrete 
requirements of the conditions of the problem (series II, III)^# 

^ Other papils, in place of an unknown-' si tuat/on, part of a CsOndi- 
tion, or a relationsFilp between data of a 'p^^bl^m, named made-up sit- 



uatiotxs, numerical dapa, etc/, , distorting the Original '^>r obi em. 
others^ stopped when they came to something thj^y did not understand, 
made no incorrect calculations, and^did not aistort the given conditions. 

With some pupils tfie recognition of the condition^did not deter-- 
Hmine the success of the solution. We saw mat individual pupils stated 
correct judgments, by which we could infer/ tHat the conditions were 
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understood^ But as soon as, the subjects began the written solution, 
as soon as they pondered the question of how to soXve tSie problem; they 
forgot the conditions which they 'understood and produced in their solu- 
tions something quite different from what they had stated^ what they 
had decided to do' (series IV). * 

Some Features of Problem Solving Characteristic of Auxillat^ School 
Pupils ' . 

The thought process in solving problems is a complex*, intellectual 
process, whose nature is still not*' clear even in a man whose intellectual 
activity is not disturbed.. One can therefore imagine all 'the -complexity 
and difficulty of studying the problem-solving process in children with, 
'various disturbances of xjsychological, mainly l^ntellectual , activity. 
It. is hardly possible to imagine two persons, even without brain damage, 
who tshink identically when solving one and the same problem. It is all 
the more difficult'- to find this generality in .children who have sustained 
various types of brain damage — various in time, depth, and strength. 
Therefore, however hard we may try, we can discover only certain general 
characteristics of problem solving common to all childxen. 

Tlie abovementioned peculiarity of problem recognition, ^like that 
of conditions witjhout a question, is more or les^ characteristic of all 
pupils.; the possible method of solution is c6nditioned accordingly (In . 
this case-^-*a solution on the basis of separate parts, words, and numeri- 
cal data of the conditions irrespective of the question of the problem 
(the synthetic method). 

Actually WQ have -seen above tlr^ almost all our pupils, despite 
'^the qualitatively distinct individual peculiarities in ^he s^^lution, 
went through the solution carrying out a-ll possible .operaApns , based 
on the conditions of the given problem, Irrespectdve of its^uestion. 
' In doing this, a) the third graders did not ^e,xform all the operations . ^ 
and did not clearly recognize the conditions of the problem. Individual 
solutions; were not linked with eacl! other, they disagreed not only with 
^ the question of the problem, but with each other; b) the fifth graders 
produced more ^X)ssible .^olutiouH in tepn^a of the existing, understood, 
conditions of the problem,^ but ^the^ also selected them poorly for the 
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answer to the question of the problem, and related them poorly to each 
other; c) the seventh graders produced possible solutions from the given ^ 
conditions of the i^roblem and #ften finally came to understand the 
problem, and the answer to the question of the problem* But this occurred * 
nly when the problem w^s given the ch^dyen in« a form tfamiliar from 
instruction. We had only to present the children problem in a form 
new to them (for example, withodt giving nufterical data, as in series 
11) , and .they produced all tl|e possible (both necessary and unnec^sary), 
solutions, to the question of the problem. Some pupils, however, in 
solving the last question, could not isolate the solutions necessary fo-^ 
it from the total number of existing ones; th^y became confused and did 
not obtain a correct answer. ^ 

We cannot overlook mentioning somet^hing qualitatively-, new which was 
observed in the seventh jgraders' solutions when they were given a problem 
in a new form; the ability to compose a general plan of solution, 

to state the questions "Sf the plan, beginning from the question of the 
problem. ' The questions of the plan, however, were often composed^ 
without enough awarenessNcf the concrete data of the proposed conditions. 
In such cases we abserved^^ on the one hand, an abstraction of the analyti- 
cally composed oral plan of solution from the concrete data of the condi- 
^tlons, and the absence of direction in the written plan on the other. 
Despite such a general path of solution, there were diverse individual 
qualitative peculiarities in v4rious children. There are children, who 
when working on a* solution, strive to apply a particular device learned 
in instruct;;lon, a particular sequence of^ arithmetical operations used 
with insufficient understanding of the meaning of' the questi6n and the 

meaning of the conditlonB of Lhe^ problem presented. In each grad^e this 
^ ■ ' 

peculiarity appeared differently during various assignments. , . 

; ^ \ 

In liieir approach to solving problems of various types somte third 
J • . 

grade pupils employ, almost ^exclusively , a single stereo^typL>d pafetern , 

which they have mastered in iil^truction. The child \s first oral argu- 
ment, nxade on the basis, of the uriderHtoad individual parts of the aondi- 
tlons, is muclf more correct and precise than later conclusions, espe- 
cially when the child begins thinking of the written solution of the 
problem, of how to solve the problein; that is, wheti he begins to reCci^ 1 
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and apply the mastered stereotype. Thus in these children » written 
completion tof the 'solution to the problem deviates ^fXPm oral argument. 

Sojn^ fifth graders already possess a lai:gfi^ store and a limited 
variety of leame^ solution stereotypes. But one of them, once adopted 
for solving a problecS , is usedjio les^ stubbornly^ than was done by the 
third grade pupils. The fifth graders could no^ drop an adopted plan 
even when they themselves noticed that the selected plan of solution _ ^ 
was incorrect; they deliberafe^^^ continued along the incorrect path 
(series I, II, HI)* In solving a prpblem they did not consider the 
finer requirements of the conditions (series I); probleiLS^ different in 
form and content were solved identically tseries I) * In solving 
problems of unVisual form (in which it was harder to use the stereotype) , - 
even greater unrecognized axtd unsubstantiated steps ware taken; the / 
pupil implies that he knows and understands all, and that he has little 
trouble in a solution. He does , not ponder the correctness of his 
sol)4tion, and he solves a problem 'Vith certainty"; but. in fact he slides 
impetuously over the conditions of the problem; hurrying to effect thk 
solution according to a prepared plan, a stereotype, he combines the 
*^possi^le and the impossible in the solution. 

Some seventh graders attempted to solve p^blems without relying 
o^' a stereotype already mastered. Thi^ was more successfully accomplished 
in oral reasoning; the pupils 'could now outline a ,>plan of solving the 
prqblem, beginning 'from the meaning (and not from the numerical data^ of 
the conditions , 'and ^ the ^better pupils coiJ^d form il: from the question 
of the problem. But the composed plan is related too vaguely" to the 
concrete conditlojis of Llie problem. ■ Th^ solutionjfe '(numerical data, 
aritlimetical opelrations) , howevax, take thel^u*<5wn route independent 
of the, staged (sometimes incorrecri questions . In the seventh grade 
pupils, in particular, there, is instilled a strong desire to get along 
without stereotypes in tlia oral solution* In the'^written solution, 
however, '^tbe logic df operations takes over the logic of the question." 

As* we saw above, there' are pupils in whom the '^logic of operatioh^' 
also determine, to a large extent, the ent^ire course of the ^oluJtion ; 
but such logic gives way to the "iogic of .^the question" under the in- 
fluence of instruction more .quickly in the children just indicated in 
group !• . ' ^ 

. Some third g^rade pupils are no longer* characterized fty stubbornness 
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in using one mastered order of arithmetical operations; the more the 
child works oh the solution ^and analyzes the conditions, the more ^ 
accurately h^ recognizes ±Xi he makes subsequent deductions more 
correctly than otherg. What is stated orally is put in the written solu-^ 
tlon; if he, errs in the oral solution, he errs ip the written solution; 
df he states correct ideas, he produces them in the written solution . 
X No discrepancy between the written and tine oral solutions of these^ 
Vbhildren was obsatved; the pupils satisfied the finer .requirements -pf 
rthe conditions more precisely (series II);, their solutions, moreover, 
were closer to the concrete condi^tions (series I). Thte|r gave more ^ 
correct solutions and questions and took fewer incorrecVL^^s^bstantiated 
steps <series III); they took up and completed more ofteri what was within^ 
their capabilities, what they recognized* The children of, this group, 
however, display their own weakness in solution; the solutions they made, 
whlc^ wej;e within their capabilities, were oft^ not enough to answer 
the question of the problem (series I); individual questions were not 
•always combined In a general -pl^n of the ^solution- (series I). ^ 
* ' The fifth gr^^e ^pupils of this group alpo evinced greater fl^i- 
"bility in' that they imagined their solutions within tl^ concrete frame- 
work of the problem; they Atisfle4 the conditions and requirements of 
the assignments in series II and III precisely, which the pupils Vith 
the characteristics of solution mentioned earlier could not do.* Solu- 
tions of the various problems wer^ different, and were obtained from 
more than one' plan (series I, II, LIl);Hn these pupils, we could notic^. 
mental operation^ on the conditions— -they 'doubted the correctness of 
' their solutions, they wavered; they t^ed to find in the conditions a 
confirmaUon of their action (series T). Pupils of this group, in other ^ 
wards, are distinguished- more by a critical approach^ and an indepen- 
I dence in seeking wa^ys of solution, 4i 
All -seventh graders complett^d solutions of which they were capable, 
according to the existing conditions of the problem; they did not alter 

or rework the problem, and bhey did not iBtroduce /anything personal 
* * . . 

into the problem. . ^ ' , 

» *" ' ^ 

■ .-^ Thus' the pupils of identical grades disSlayed various weaknesses 

in their solutions; in turn these solutions changed from year, to year 

. • , . . ' ■< i ■ 

under the. influence of. instructipn. 
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Difficulties Encountered by Pupils during Preliminary Analysis of the 
Conditions of thle Probleia ' 

The mkin charatterlstlcs of an understanding o^*the conditions and 
.the solution of probletos which we ware able to notice in pupils in their 
individual pursuits wei/e significantly related to the analysis of prob- 
lems, and thetefore explain some some difficulties which the pupils 
encountered when directly analyzing problems. Of these difficulties 
we were able to observe ^the following: ^" 

a) Some had difficulty (during the analytic method of analysis), 
in extracting the question of the prqblem from the conditions in the 
form in which it is given Xall third, graders and weak fifth graders): 

b) Some had dlf f Iculty , in stating both data necessary to solve 
th^ question of the problem (most of the pupils of all grades)T Instead 

.of two data, the third graders and weak fifth graders stdted only one 
datura; 

*>. , 

c) Some had difficulty- in stating the question /r^H^;^ two data (in 

the synthetic method of analysis); 

d) Some had difficulty in attuning themselves to, t"r' remaining 
upon, the 'definite track, designated by the* teacher, 8f breaking down 

complex problem into simple problems^ (in both methods of analysis). 

After becoming acquainted -with the conditions, the pupil set 
about solving •the problem in^hls own way and answered the teacher *s 
que554:ions (in both analytic and synthetic methoc^l^f ar\alysis) with the 
thoughts which he liad while trying to solve the prqj^lem independently. 

Althougli the pupil was able* to give cprrect ^^nswers to our questions 
(af,ter incorrect %ni2s) during analysis />f a problem, the pupil could not 
al\feys, as he began the independent written solaition, distinguish correct 
answers from incorrect ones; correct answers did no fserve ,Njmoreovfer 
as the* basis for a c(^rrecL solution; 

e) Some pupils did not use everything which they had obtained and 
recognized from the analysj^s in their solutions; in such catees the writ- 
ten solution differed from the oral argument;' ^ ^ ^ 

f) Some liad difficulty (followingl the analytic method)" in changing 
* ^ ^ •\ * . 

over to the independent written solution of tiie problem, since the 

( ' 
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question^ of the written plan wer^e iji reverse 'order from the questions 
obtained in the analytic method of analysis. ' ^ ^ 

^This difficulty with the analytic method is the maini co'rrectional 

. advantage, compared with the synthetic pethod, b ecause the necessity 
of shiftijcig from ^^one's o^" method to the-* analytic method of decomjjosi- 

^^ion, and then to composing a plan of the solution (in a reVerse order 
to. that obtained through the analytic niethod) is directed against the 
basic disor^iBr of the^mind, the slow p-rogress of -^he pupil's thinking. - 

T 

Pedagogical and Methodological Ways of Teaching ^ Problem Solving 
Concerning the Methods oX Teaching Problem Solving 

The aforementioned peculiarities of the processes of the recogni- 
tion, analysis, and solution of a problem make it possible to answer a 
series of questions connected with the methodology of teaching mentally 
retarded children how ti^ solve complex arithmetic problems. 

We did not aim to select thfe qiost raticmal inethod o£ teaching problem 
solving (the method of analyzing the conditions, the method of man)j^rob'- 
lems, the method of analogy) and we did not do' comparative research in 
this direction. There can be no universal method yf instruction. Never-- 
theless, considering the peculiafl^ties of problem solution noticed in 
'our pupils, one may speak of 4^he advantage of one or another method of 
teaching problem solving.' ' ^ ■ 

We saw above that children, through instruction, have a tendency to 
master a siuglc' stereotype and to apply it for solution of various prob- 
lems; use of the mastered convention 'in problem scS'lving often occurs 
aliT)ost, irrespective of the conditiorls of th^ proposed concrete prob-- 
lem. In such a case it seems that the mentally retarded child is not 
solving the problem ^iven him. No matter*' how many pr^lems are^ given 
•the child, they are all^'^'^^sc^lved*^ by him according to one stereotype, 
in the same way he solved the preceding problem. At best»only numeri- 
cal data from the conditions arfe used in carrying out such a solution. 
Obviously the method of ' ins traction involving solution of a large aum-- 
ber pf homogeneous problems cannot be recommended as the basic method 
of teaching auxiliary scliool pupils. . 

In applying the method of, amilogy, without which it is difficult 
to proceed in teaching problem solving, there are, however, not enough 
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possi^bilitiea for ov.e^rcoaing meclianical and unimaginative ways of solving 

problems^ We saw above that pupils recalled a problem' which^ they had 

once solved not by underst^ding tshe meaning of the entire given problem, 

but on the basis of Its individual words* This led* to their recalling a 

problem which was not analogous— a different, almost dissimilar problemt 

Instead of helping the ch'ild\it diverted him from the correct path of 

the , solution, ' from his attempt to delve into the conditions of the given 

problem and uiider stand them. Such mental labor — i.e*, recalling or 
♦ * 

thinking ^ip an easy problein analogous to the given one — was not within . • 
our pupils powers ^ * Moreover, even when the child was able to solve an 
analogous problem, 'orally , he was unable to solve it in writing. However 
there are no experimental data on the transfer qf the problem-solving 

^ skill of mentally retarded schoolchildren; thi^.questlon 'has not been 
studied yet. Therefore we cannot decisively reject use of the method 
of analogy* ^ ' / , * 

Tlie method of teaching through preliminary analysis of the condi- 
tions of prc^blems is notable for its comparative advantages. During 
the analysis \of the conditi^s of a problem, the child's thinking is 
direcded toward a mor^ profound recognition ^of the conditions of a 
given problem,\ toward deductions and solutions^ on the basis of what he . 
has understood! Tlie inethod of solution here Is "revdfcled^' during the 
intellectual activity of recogaizing the conditions and* the question 
of 'the problem, V^^^^^^ than recalling a known ^method of solution (the 
latter occurs with the method- of analogy). In ather words, there is 
developed the skiVl^of beginning a solution fro^i a thorough recognition, 
of the conditions \ 'Preliminary analysis of the conditions of a problem 
is directed toward\ overcoming one of the major defects in the thinking 

* of the mentally retarded child — *!reproduct ive thought^' — and attemt)ts to 

eliminate the appeatance in the Rolutions of mechanical and unimagi-' 

nat|-ve methods which arise when the Conditions are not quite recognized. 

• ♦ 

' Undoubtedly in this^ we see a Correctional advantage of analysis of the 
conditions over other\ methods of teaching mentally retarded children 
problem solving.^ ^ 

These are the .pos$lbiiitiei^. of the method of j^p^rjiijiinary analysis 
oi the conditions, whose realization, however, de^pends on many things. 
Among them ^the most important are the lise of existing methods (analytic 



and synthetic) of^ analysis in their correct relationship/ taking into 
account the peculiarities displayed by pupils in their solution of prob- 
lems. 

We mentioned the mutual relationships of^ methods of analysis above, 
when we were comparing both methods (see conclusions for series IV) on 
the basis of the experimental data we obtained. Let us note here that 
elementary school methodologists , su<^ as N. N. Nikitin and A. S. Pchalko, 
and auxiliary school methodologists, such as N. F, Kuz 'mina-Syromyatnikova, 
point out the need for usiilg the analytic metliod at the same time as the 
synthetic method, ^that is, in the early years of instruction. N. A. 
Menchinskaya qame to a similar conclusion in her. experimental psycho- 
logical investigation conducted "in the first grade of the elementary ^ 
school [2] . 

Applying the Methods of Analysis 

Let us examine the possibilities of -using the methods of "Analysis, 
Work in y;ie school on eliminating the existing flaws, the weak links in 
th^ complex problem-solving progess which are observed in auxiliary 
school pupils, can be successfully carried on during the preliminary 
analysis of the conditions , ' ' ' 

Above all it i^ necessary^ during analysis of the c9nditions of 
a problem, to improve the pupils' differentiated understanding of the 
conditions, primarily the extraction 'from the conditions and * recognition, 
of the question of the problem. This goal of analysis should remain as 
*the children ate being taught to solve problems, since insufficient 
recognition of the question of the problem was observed in children of 
all ^ades. In the later years of inst'ryction, thes pupils V attention, 
dur^g analysis should be especiallyS^jj^ected toward establishing the 
inter connectio^s between the Separate solutions and their relation- 
ship to the question of the problem. To surmount this basic flaw, 
characteristi^c of all pupils, therex^re obviously greater possibilities 
in the Analytic method of aualysi/'s, which begins with finding out and 
solving the question of the problem. , 

The following devices can be recommended to attain this goal. 
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a) The pupils retell the condl,tlons of the problem without 
numbers> (tell the ''picture of the story'*). This device, verified in 
pract;ice, facilitates recognition of the conditions of i:he problem, 
dividing the material into logical, semantic, and numerical materi^ ; 
^the child's thought is directed toward the differentiated recognition 
of the parts of the conditions, mainly toward recognizing, the meanii 
of the conditions and the question of the problem. Thik makes itt 
easier to conduct the subsequent analysis of the problem by the an'al^tic' 
methfld; . e - ^ 

c b) Notation (on the blackboard ) of the main unknown question of 
the problem in ^ abbreviat'^d formulation ^ 

c) Extraction fr om the^ conditions^ and^ notation (on thfe blackboard ) 
of the un^cnow ns (in words ) and , apart from them, the known data ; study 
*of numerical data (value, units, connection and relationship), and, only, 
afj:er this, analysis of the conditions. | 

Tliese devices greatly facilitate the analysis of the conditions, and 
make it more c*omprehensible to the pupils; .they help strengthen the weak 
links in problem solving characteristic of mentally retarded schoolchild 

Changing the very process of analysis, its course or sequence, can 
"scarcely be Justified, considering the peculiarities of mentally' 
retarded children • To the. contrary, tfie analysis of the problem by a 
specific method in strict sequence is highly desirable in teaching 
problem solviilg to auxiliary school pupils?; it is necessary to attain 
precisi'orPof* formulation and a complete statement of the pupil's 
answer. , For example, the pupil'must be required to nane both given 
data needed to solve the problem,; not just one of them (the children 
often name an .unknown) This need for work on the cliild^s oral formu- 
{at ion derives from the necessity of attaining the primary goal in / 
solving prof^lcms--the goal of developing though t , which is directly 
connected with language. , ^ ^ 

Here it must not be forgotten that, although tlie separation of 
the 'synthetic ai?d analytic methods? is conditional in terms, of psychology 
each of the methods has its faults and iti/^d^antages in terms of 



■'■^This device: is widely and sucoess fully used by if. V. vTsvetkov 



in 'the l^ostromskaya AuxiJ.ia j^/ Schapil : whost- children solve problems 

well., : ' J ' 
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methodology. If ^wec^daidep, inoreoverj| that auxi^iry school pupils 

have trouble in^|t^liig wh^ they are gi;ven in iAStruction and blindly ^ 

•retain what tAey ^hav^ learned, it becomes a neces^t'ty to teach the 

children ^ both^ jgethads of *jcial)^6is • as sodn as possible^ alternating 

and tjransf erring from-^^Dne to the other • "For example, thoy may soTve 

• 'm ' ' ^ f 

a problem usin^ preliminary • anal^^ is of the conditions by one method, 

' • 11 ' 

and then, after* several days, use the other methoji-af analysis* 

Ih c analyzing/ a proileti* aiid. trying to take account of the pupils^ 

individual differences ia its solution, it is necessary to -Vemember 

^' the insufficient f lexibility'*o£ the psychic process which appears in • 

J pupils/ solutions through the concentration of al^l theit attention and. 

all their mental growers on one object: a) either the pupil trias to 

^establish a simple, elementary re]^tion8hip anjong the numerical data 

(whicK he often does on the bdfels of a purely external, formal, similar 

feature) and, once the simple connection is established, is unable to " 

proceed beyond it to an understanding of the other conditions and .a 

general plan of solution; b) or he strives to understand noting the 

general plan of solution without -attempting to establish a relation-. 

shig between the concrete data of the conditions i the plan outlined 

appears to be too general and the possibility of solving the problem 

with Iflie existing data is not considered. 

* In a ^)roblem. analysis one must ^triye to Join these two mental 

operations (indicated in points (a) and (b) above). After doing one * 

^operation, the child has great difficulty transferring to t^e other • 

!{lierefore it is not enough merely to help the pupil when he is toentally 

struggling ^ith a difficulty (only within the limits of one the 

tendencies indicated in (a) ^and (b)); th^ hest aid for him would 

obviously be to direct his ii^ntal efforts toward anotl;jer object 

'Which he has not yet become aware. 

^len analyzing the conditions one must take into account individual 

, differences in the results of the pupils' mental activit>^ wh^'^ tHey^^tH^:^ 

solving problem^: 1 

a) Pupils, who are ablg tJb better the results of ^oieir mental 

4 



11 ■ * ' 

This device is reconmiended by N. F. Ki^z 'mijciaVSyromyatnikova . 
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'activity, by "moving from stage to stage In the solution of a probleoi - 

•'*v * ^ ^ ' * ' , 

,<io TXo-t reqi^ire' the teacher V uindivided, af:tentiotL. They are more ot . 
• ^ ii*^ . * ^* , . - ; , . ^ * - 

16s^ «oabl^ of independently solvi^ separate questions— sometinjes ' 

all 6dE then!*."* For them tfie initial xnom^nt of the solution is not- of * . 
'decisive slgnifrLcaace? its imprecision, unsuitability , aitd i^orrect 

first steps are corre<;ted later. Heye the ptplls can .successfully - ' 

use botU the analytig .and. the synthetic methods of,-analysis . . ^ 

' *U) ' EupiXs whose solutions display tio 'Imprc^einent in reasoning , 

and who'^cannot abandon a plan adopted 'at the very -feeginning, ^ need the 
•* teach^r's^help.^ ^How-the pupil will end solution .depends greatly on ^ 
. how-he begah-^it;- 'th^efore all ' the- teac heir's attention should be cop- - 
- cepti;ated' here'on tW initial' s.olutilon of a probJ.ein. The child 's- ' . ^ 

thought.shottld .be prevented in all possl^ble wajrs from starting, of f^-on ^ 
'I an incorrect route in the solution. ' While the -child's coivsdtpusness - , 

is not yet entirely occupied br' the solution of individ^iq.! questions, 
. it is •necessary^ to help him understand ,ttte' relationship of all the 

condititfns. Tlie letter is most conveniently realized with the. analytic 

method of analysis. . » 

c) Pupils whose mjifal" activity gives increasingly worse results 



as they work on a problem require the teacher's excl^ive attention 
during the course df the entire solution. Here it is highly important 
to determine tl^ moment at which, i^fter a correct operation, the pu^il 
begins to- stray from the correct' path (which most of tenMiappens when 
he .comes to a difficult pl^ce in the solution). In such cases It is 
best to interrupt the solution and review the supplementary analysis 
of the problem with the pupil, stressing the difficult spot. 

Teaching the pupils the analytic 'and synthetic methods of. analysis 
of Complex arithmetic problems should be begun with systematic prepara- 
tory cjcercises,^^ in e^^ch (especiaUy the analytic) method of analysis.. 
Here one must remember that the sequence in a system of prcpara_tory 
exercises\/or the analytic method designed for the auxiliary school . 
pupils shVuld be different from that recommended for the pupils o-f the 
mass school. For our pupils It was easier (see series H) to select 

0f 



•^^The types of preparatory exercises have been shown by V. A. 
Latyshey and, in even more detail, by P.. A. ^Irn-. 
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all the data fpr the question, and hdrder*^ to 'select the ml^jsing 
second' datum, when only one dat-qm was given. Such are^ th^^. ppssiblliiiles 
for, over coming the weak links in the, pupils ' prpblem, solving process ^ 
duriug the ^^!)relimlnary .analysis of ^the Coridirions«« ^liis type of ^ork, 
♦ however, must not be ♦considered the only, kind completely sufficient, 
deciding all methodological questions of. t^ac'hing children proljjffem ' / 
soj-ving* , * ' • 

* : Sdme practitioners think that, by daidy classfpo^ review of work . • 
ifi solving a certain type of problem f^jmiliar to,' the cl^ildren% they can, 
^urth^r develop affirm skill 'in prftblem 'solving. Vin fact, however, 
. with such instruction the pupils raaater only a specific device ,for 

solvipg one type of probleja, and apply *i^ later, relying little on ^ Jtt, 
the , condition^ of tfie probl^ being, solved. 'Anything new in the problem' 
<in form or content) leav^ the children in Ja blind ^ley ; they disre- 
gard it in the solution, a tenden^ (^^racteristic of ;pdt onl^ the ppor 
pup4.1s,. but also, of pupils who can ; solve * the* familiar, ^ t^Dlcal types of 
problems. ' , . * ' * ' . \_ 

To attain skill in problem solving, not' only' muse homogeneous, ^ 
habitual work on problems be conducifced da^ly, but tb^re alsQ must be 
review of the diversity of forms of mentajl activity which demand th^ 
pupils' systematic in4epende^^l^e^ In^other wqrds, work on the arithmetic 
problem in the auxiliary school, s»M6£d t>e constructed on the principle 
of more variation than is presently^ to unxJ in prabtice, * 

There are two ways to realize the principle of variation: 

!• In a system of problems given in instructi-on , (diversity of 
form and of mathematical content)^ 

2, In types of work on arithmetic problems. Among these, besides 
the analysis of the conditions, the following are recommepded: 

• a) (;omposition of two %imple problems , f rom numerical data — one 
after the other, with subsequent compoHition of a third problem from the 
two simple ones. For example, composition and solution of these problems 

Problem 1^ Problem 2_ F r ob lem 3 

4kg of groats at 2kg of sugar at ^ (composed from pfob- 

5 rubles per 13 rubles per ' lems l^and 2) , 

kilogram. kilo-gram, 

b) Composition of^two simple prioblems from questions and subsequent 
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composition of a third' problem from thp two simple ones obtained. 
For exai^ple, compositiorx and solution of these problems: 



Probldh 1 

How much does oije 
book cost? 



, Pyoblem 2 

How much dqes one 
notebook cost? 



I 

Problem 3^ . 

How much more ex^n- 
s±ve is a book "than 
a notebook? ^ ^ ♦ < 



c) Selection of numbers and 'a 4^^st:ion for a situation (in one, 
two, or three^ questions) » For example, select number^, state the v 
question, and'sdd^e the problems: . - ♦ • ^ 

1, TVO' boys were gathering mushrooms • Qtie hOy collected 
more than the other. ' f 

2. Three boys were planting trees • Sasha planted fewer than 
. Vanya, and Kolya planted more than Vanya. 

^ d) Cpmposition and solution .of a problem from a given arithmetic 



operati on and question « 
these problems: 
Problem 1 



4- (on addition) 



How much money 
did Vasya have? 



For example^ composition and solution o'f'" ^ 

Problem 3 



Problem 2 



- (on subtraction) 



(on subtraction 
and addition) 



How much money did 
Misha have? 



How much money did 
Vasya and- Misha 
have together? . 



e) Composition and solution of arittoetic problems from an assigned 
^idJ^J™£^A£?l 0£«l^.a_^A^_?i- ^'^^ example, composition of any problem on 
addition, subtraction, multiplication, or division; composition of any 
problem reqliiring that a number be increased, decreased, takei^ sever^ 
times I etc* ) . - 

f) Composition of aritiimetic^ problems from num bers and operations .^ v 
For 'example, composition and solution of these problems: 

Problem 1 Problem 2 



370 - 150 = 2-50 



160 : 4 



40 



g) Solution of_ all s imple yoblems from the conditions of a complex 
problem with out a fiugstjori, then vith the added question. For- example, 
solution of any questions: 
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^ ' ' k hat costs 80 tables, a suit is 5 timer*as expensive, and a 
^coat costs 800 rubles. , ^ 

' ^ After .the^.pupils solve alL possible questions', they are arfked to 
so^ve this same problem, first with one, then \^^ith -another questiorv: 
!• Htow many times more expense is, a coat than a suit? 
2. How much was the ei\tire purchase? 
' Work of t?!ts nature helps the pupils to understand the relation- 
ship between the solutions and th$ main question of the problem. ^ 

g h) Cotniiositibji and solution of a prptleip in a specified number 
of . questio ns . For example, compos^ion and solution of ^ny problem 
in one; 'two, three, or four questions. 

i) Composition of problems from data obtained from the pupils ^ 
prac tical actiyil^y (measuring, weighing in class, buying and selling, 

etc . ) • * . 

j) Composition and solution of problems on a given topic. For 
'example, composition of a problem on .mushrooms, trees, can4y, etc, 
U) Composi-tion and solution of any pr oblems . ^ 
' ' Activities of this type show that the pupils handle the given • 
assignments v^^lth difficulty and that -the teacher's assistance ' is nec- 
essary at first; later tKe pupils become increasingly better. Lesson f 
by lesson the pupils approach the solution of problems, the selection 
of numerical data, and the statement of t?he question more boldly aitd ' ^ 
more consciously; they rebate to 'their solutions more critically; 
they check them. Interest is awakened in the chil'dren, flashes of inde- 
pendent mental activity occur which are phenomena observed even ^when they are 
solving ordinary types of problems; they come to have questions febout 
the posBibility and impossibility of a solution, of different methods 
•/of solut^ori^ etc. 

The teacher, however, must be warned against excessively increasing 
the types of work in problem solving which are^offered. Experience has ' 
.shown that it is best to do this <^ type of work once a week as a special 
lessofi with an obligatory connection with the curriculum material and 
requirement's, enriching instruction in solving curriculum problems in 
only one way— the method of preltmi^uary analysis of the condition. 

^■^They were conducted in the 1949-50 and 1 950-51 school years by 
teachers of Moscow Auxiliary School No, 111 with the author's 
participation, 
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There can be no doubt that work in this direction, as well as . ^ 
'the experimentation oi teachers, will help to increase the effectiveness 
of t'eaclUng children problem solving in the environs of the ^auxiliary 
school^. 
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"BASIC DIFFICULTIES ENi^NTERED BY AUXILIARY, 
'.SCHOOL PUPILS fN'- SOLVING ARITHMETIC..PROBLEMS 



I, Kuz'mitskaya 



Xhis investigation' was based upo3# pedagogical practice and. * 
its conclusions are directed to the<*itoprdveiaent of the cbnt^nt-and 
' metMod of teaching problem solving to auxil^^^Y pchoo^ '^tadents. 

The Analysis and processing of written work ^arithmetic by 
auxiliary school students of tlhe Russian Federations was conducted by- 
the Ministry of Education and the Scienti/id B^psearch Institute of 
Defectology for use in studying the, students progiress^ over many 
years • Tliis sti^dy has permitted us to dWeloijf a method Of investi- 
gating the difficulties arising in teaching i^entally retarded chil- 
dren how to solve arithmetic problems. , ' 

We set the following goals for our investigation: 

1) to reveaL-the fundame^ital difficulties experienced by 
auxiliary school students Gin solving problems) • 

2) to reveal the causes of peculiarities in problem solvinj 
by mentally retarded sehoolchi^dren. ^ 

3) to plot the proper direction of work ^ improving the 
'content and method' of teaching problem solving in the auxiliary 

school, on the basis of observations, experiments, and tha past 
experience of the best teachers. 

* To determine .the causes of the basic difficulties in solving 
arithmetic problems encountered by mentally retarded schoolchildren', 
we conducted two series of experiments with the children. 

In one series, problem solving f ollowedv oral reproduction of the v 
problem's condition. In the other . series , a Vi"o^le"i sol^^ed 




*Published in Proc ee d inp,s [izvestiya] of the A£ad^ 'ol. Pe^aRORical 
Sciences of the .M£SR» 1957.' Vol. 88/ pp. 115-158, Translated by 
David A. Henderson-. 
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withoutr a preliminary statement of the conditions. Jn^these esperi- 
ments the children .so Ivajd all the basic kinds of simple problems. At/' 
the sapie time^ in orde^ to study the pecu^iari^ties of their use of ^ 
itomenclature, certain problems I'equiring several operations, were employed. 

Schoolchildren from all of the auxiliary school gra^s participated* 
in experiments' to determine their characteristic ^vjays of solving simple 
problems. In our stu^y on theijreprodiiction' of problems we tested stu-,. 
dents mainly from the upper classes. I'd gain a deeper insight into the 
peculiarities of the perceptual activities of tliV auxiliary scflool v'j^. 
students, we also conducted experimental studies'wlth students^f rony ^ ^* < 
'the mass school. . ' " / '.^ ' 

^^^All the experimental material underwent quantitative and qualitative** 
.examination and was compared with what we observed in the lessons, as 
^well as with the teachers' systematic evaluation of the children's know- ^ . 

l^dge. In the concluding chapter, which , contains several proposals for 

^ • ■ ' 1 

improving the methods of work in problem solving in the auxiliary school, 

we summarized the experience of some of oiir best teachers; such experi- 

etfce confirmed the basic ^ conclusions o:^|yj^[^ special investigation. 



Eie Repr o duction of Simple Arithmetic Problems , 
^ ^ 

by Mentally Retarded Pupils 

Stud y of the reproduction of the condit ions of a_ problem A, order to ' 

learn the characteri stic way in whi6h the pupils comprehen d the problpm / 

We know froi|i pedagogical and psychological investigations that 
features of students thinking are revealed in their solution of ^arith- 
metic problems. Investigations into the methods used by normal chil- 
dr^, to solve problems have enriched our knowledge of the psychology 
o£ the children's thought processes, and have contributed to the im- 
provement of methods of teaching . arithmetic . 

Observat lon&5 of mentally /I'etard^d schoolchlldrep engaged in 
pighlam solving 'show that they are unable to formulate their ideas Mn 
detail, ancl that their statements sometimes lack enough consistency to 
lead to a solution; thorefore, study of their reasoning doo.s not 
always reveal the course of a problem's solution. The thought processes 
of menbs^ly retardecJ chl ldren..^solving probleins are therefore usually 
judged by^ the nature of the mistakes that arise in the course^ of their 
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spluticfti, as well as by the solution itself * « ' r 

There is, however, one other tnethod for determining how mentally 

retarded children comprehend the contentsfof a problem. We refer to 

* * f '''' ' 

the- study of the characteristic features ^of the students/ repro- ^ 



duction of the aondsLsdons of a piroblem. We- proceed ' from the assump- 
tion that the character of the >reprodOction of the material reflects 



the level of cpHfj^rehenslon of that mater lal > Investigations by Soviet 
^psych^dogists devoted to the problem of reproduction showed thatc^ 
corr^ect reproduction depencis greatly upoA^ copi prehensiou of the ' material 
It was also sHown that reprq^dUcjIdon depends upcm 4:he natui;e xDf the 
material offered the children, upon t^.e conditions under i^hich the 
material was memorized, and upon' the goal, towards which* memorization 
and reproduction are /directed . Tlie data Used by-Soviet psychology' 
provides a basis for utilising the characteristics of the students' 
reproduction of the, conJn£lons of a problem, in order to study their 
cdtaprehension of its contents. '\ • • 

- W"a| conducted individual experiments with ^20 fourth grade arid with 



20 si;^h gra^e students in the. auxiliary schools for comparison, we 
conducted analogous experiments with 20 second grade students in the 
elekentary school. Tlxe probXems posed were selected to correspond 
to the curriculum for th^ first grade in the ma^s school, which 
corresponds to the curriculum' for the third grade in the auxiliary - 
schobl. Problems were offered to the children from sections of the 
curriculum that had already been studied. By the tim« the experiments^ 
were conducted, the children liad, in t^eic * lessons , already solved 
problems which were more complicated in structure; thus, the problems 
which we offered should not have presented any special difficulties 
for these schoolchildren* 

Each pupil was given a card on which the text of the problem was 
printed and which the children read over two or three times. After 
this the pupil orally reproduced the conditions of the problem. We 
wrote down their reproduction verbatim; the material gathered was then 
processed correspondingly. 

After the first experiments, it became clear that the pupils from 
the auxiliary school experience great difficulties in repeating the 
conditions of a problem. Before analyzing the cau.^es Sf this difficult 
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let examine the ways in which the reproduction of ^ome other sbft f 

of oral material. * * . k ^ f 

. The reproduction of a problem — i.e;, repeating its conditions — 

differs, for example, from recounting a literary, historical, or geo*- 

•gxaphical text. When reproducing such texts one is not forbidd^j^i to . 

recount- it in on^'s own wofds; indeed, one is encouraged to do §o« 

« In reprodu^ng such *t^ts an^ alter ^jlt^-^ri or evetf a violation of 

^ se'quence is sometimes- permissible, so Ipng as thil sequence of events, 

etc., does not suffer as a result • ' ^ T ' 

Other d^m^ds must be met in reproducing the conditions of a 

problem. The text of a^probl^m is generally not v^ry lengthy . The - 

students must ^closely approximate the text; oti^Ly insignificant varia- 
« * . • • 

"tions in their reproduction of thq contents of the problem are per-^ • 

missible, and a completely accu^^ate reprod\k:tion of' numbers * and of the 

question in the prpblem is required. The reproduction of a problem, 

however, cannot be identified with learning prose or poetry by heart,'. 

since in that case it is mandatory that the text be reproduced liter- 

ally. Furthermore, the memorization of poetry is facilitated by the 

'presence of rhyme and rhymfed verse, which do not exist in the text of 

a problem. ^ ^ 

Returning to the topic of correct reproduction of the conditions 
of a problem, we should note that' to^ this purpos.e it is , necessary to 
carry out a specific logical analysis of the text, having as i^s aim ^ 
a full determination of all of its parts; since, in reproducing a prob- i 
left, all of its contents must be given, preserving without fail the . 
relationship among the contents. The significance of these features 
H in the reproduction of oral material has been noted in a series of 

psychological investigations* precise understanding of^he internal 

relationships' among the parts of a text is essential, so that these 
parts d»-^not stand out in the student's mind as separate units, but^ 
as unified members of an interconnected whole'' [23 : 75]. 

IT-ies^ st.itementB are particularly significant in connection with • , 
the reproduction of a problem, since perfect memorization and repr^b- 
duction of the problem are impossibla^ without comprehending each of 
Its links and actually showing tha/reiationships between these links. 
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Psychological investigations show that in the process of repro- 

duction, essential changes are introduced into the material which has 
already been perceived. "When we mentally reproduce something, we* not 
so auch recall it as deduce it from our previous experience"*' [17^:148]. 

It can be supposed that mentally ^retarded childrkn will make utore 
significant 'alterations in material they have perceived than will' nor- 
mal children, and that these ai^eratiqns wil-l have a somewhat different 
character. Mentally retarded children do indeed have difficulty in' 
reproducing previous acquired knowledge, as well as in ascertaining the 

r^latiionships between sentences and groups pf ^entpnces ip. a text.# 

» 

These peculi^i^ities in the \vay auxiliary school children reproduce -an , 
ral text clearly show that the difficulties the^ exp'erience in estab- 
lishing the relationship between parts of the text lead to* distortion 
and cause theni' to substitute other relationships for the original re- 
lationships. These peculiarities in the memory of mentally retarded 
children should be apparent in their reproduction of the conditions of 
a problem too. * ' \ 

The formation and preservation of the new temporary relationships 
which are the physiological bases of memory are closely related to the 
characteristics of the highest nervous 'activities in man (strength, 
even temper, and flexibility in the processes of stimulation. and 
inhibition). 

In the investigations of N. 1- Krasnogorskii and his coworkers 
pertain facts are revealed concerning the highest nervous activities 
of mentally retarded children. In normal children conditioned reactions 
are the most dellcate^and specific of all reactions. Their high speci- 
ficity, quick formation, and slow disintegration, their stability with 
time — such are the characteristic trai^ts of conditioned reflexes. On 
the other liand, imbeciles and debilitated children liave difficulty 
forming conditioned reflexes [8]. 

Parallel to '^sequential stimulation," Krasnogorskii examines 
^'sequential inhibitation. He notes that these meciianisms appear to 
be more cpmplex, and arise later, than those mechanisms whose activities 
are not connected with the signal system set aside at the time. Normally 
they are already formed by the age of , three, whereas in cases of 
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- , irregular development', they are formed only with ^extreme difficulty. 

Thus, thi^ "traces*' of past ejf^riencejl^n auxiliary schodl students do ' 
not bear the same characteristics as the "traces" in mass school ptu- 
dents. * ^ * • y ^ . * 

The statemd:ht of I. P. Pavlov ^bout the TeJ.ationship- between memori-- 
zation and understanding has great significance as a revelation of the 
; physiological bases of memory: ^^^hen a new relationship is formed, that 

is, what w^call" 'association,^', it is, without a dciubt, knowledge about 
^ definite relatlon^ips in the external world; when it is employed the 

next time 'it is, called understanding — i.e., the tise of the knowledge 
• that has been acquired about relationships. This is understanding" 
y.3:579]. The physiological mechanism of comprehension is regarded 
,here as the ability, to mak^ use of previously ^acquired relationships, 
thB ability to put them into practice • This statement implies that 
conjprehensior rests upon retaining traces; it is detrimental in thi^ 
case for previously acquired temporary relationships not'^to be 'retained 

v. 

\^ and consolidated, to be changed or erased. These statements by Pavlov 
\^ . are essential in determining the characteristic way in which auxiliary 
^ school students reproduce the conditions of a problem. 

The parts ofc a' problem always have a definite interrelationship. 
Whether this relationship is manifest depends upon the process of 
interpreting' the problem. Unless ^the problem is properly understood, 
as we will show below, tlie conditions of the problem cannot be fully 
reproduced. Comprehension of the problem, therefore, app^fears to be an 
essential requirement in reproducing the problem correctly. Errors 
made by mentally retarded schoolchildren £n repeating the text of the 
problem are usually the symptoms of difficulties in interpreting and 
comprehending ' the problem. We believe that an anal^^sis of the wa^r-ln 
which mentally retarded schoolchildren reproduce the text of problems 
may also ascertain the causes of the dif f icul ticis they encounter in 
solving arithmetic problemsx* 

A child's work in orally formulating a problem be^^ins when he 
becomes acq'uainted with it. An aritlimetic problem can be presented 
in many ways; usually, the teacher reads the problem aloud, or the 
pupil iiimselt reads the problem-. Sometimes the contents of the problem 
are illuMXrated by visual material as well; this Is not our consideration 
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here. The questions that 'concern us are related to the i;nterpretation 
of a problem read by" the pupil independently. Prdcticii!]^ 'teachers 
repeat^ly observe that auxiliary school studentsjl react" to trfeir first 
..encounter with problems in a »ery diat^^tive ^ and (that they have 
great difficulty, in interpr^ing a problem, i • ' ^ ■ . . ^ 

These difficulties may result from the students' Insufficient 
acquaintaniie with the objects or situati!bns referred to in the prpblem, 
from .their .inability to picture t\e situation on the bajSis of an pral 
reading of the text; they may be caused by the students" lack, of i^der- 
standing of the relationship between the parts pf the prpblem, thai', is, 
by their inability to i-nterpret the structure of the problem. In repro- 
ducing a problem the student should visualize the situation set forth 

' in the problem. In other words, the reproduction of the problem^ Is made 
on the basis of what has been recreated in the imagination. On ^the 
basis of the description given in the problem one. must imagine the 
situation whi<:h .reflect^s the, conditions of the problem. This situation 

% should include both the basic facts of the problem, and»ilso the alter- 
ations tlxat will ba brought -about according to the conditibns -of the 
prob'leia. 

Consequently, it is necessary to picture the outcome of the events 
as predetermined by the contents of the question* Take, for example, 

• the problem, ''Tfiere were previously so many books standing on the shelf ^ 

' Then such-and-such a quantity of books were taken away. How many books 
remain on the shelf?'' It is a serious assignment for mentally retarded 
sci^hoolchildren to picture the outcome of t|iese events. It is not enough 
that 'the auxiliary school student ^ perceive the , conditions of a problem 
by reading or hearing it; in order for him to understand It, it is also 
necessary that the images he visualizes will so embody the material 
of the problem that they will ensure its reproduction. 

Such are-creation by the imagination Is possihlP nnlv ..hen there 
is a normal interaction of both signal systems; .this is precisely what 

'investigators show to be the disturbance in auxiliary school students. ' 
That is ^Jfhy their words and expressions are often noC related to sub- 
stantive objects. Although they may be used in speech, they are 
really incorrectly understood (in too broad or narrow a sense) ^ The 
disturbance in the interaction of the two signal systems in auxiliary 

^schpol students ia the source of many of their difficulties in solving • 
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arl^lBtc p^oblpms: lb is -feces sary to^'-t*lte this igto . consideration 
when afialyziiia/the •reprdipi^n''irf problem^. > ^ , > 

layac'teristics .of rei^roductifofl^f /the conditipns -of sliiple problems f 
^ ipils of g rades 4 and i6 ia the auxiliary school. , ♦ . , 

Vn ordfi^r*' to' discover tji^ causes * that harper me^ntally retarded 
'"scliool^ildren, ^ serving 'problems, we anai;!irzed their reploduct4±)ns ^ / 
of the^tonditions of the problems- A series of arithmetic problems 
differiA-iJk^^stiuctural cowplexit^ i^wt. having *6ftjl^ one operatto^^ was 
presenti^ to the children. Thes^ problems h&d heeji sQl^^ed % 4:he 'pupils - 

mass school by the end ot^heixftfrst yeari of ' schoplibe » while 
in the -auxiliary school they ^ad^Been sclyed- in the>2nd and-*3?H S^^*^®^* 
The nume^icai data in these^prpb^ems could be handle^ by second year 
students in the auxiliary sofioolii^' ^ • ." ^ ^ ^ 

We atte^ppted to .ascertain the difficulties experienced hy mentally , 
retarded schoolchildren in reproducing different types of simple prob- 
lems. Two problemsyn addition and two in subtraction were presented 
to them. Below ar^ th^p text§ of th% problem^:', ' f '' 

1. In one cage there are l'^ rabbits, and in another, p .rabbits. ' 
Altogether, many rabbits are in the two cages? (There are 2^ 
elements in the problem.) ' t 

it 

2. There were 19 plain pencils, and 6 mor^ coJ.ored^^ than plain 
pencils. • How many colored pencils were there? (Thene are 18 elements' 

in the problem O , - /\ / ' 

^ 3. There were 55 notebooks in the cupboarS; 13 notebooks were 
distributed to the students. How manjv notebooks remained^ the cup- 
1)oard? (There are 21 elements in the problem.) 

4. A pupil spent 15 kopeks; he had 20 kopeks left. How much 
money had the pupil previously? (There are 17 elements in the problem.) 

The difference between the number of elements in the conditions 
of the problem i^s not great. There are between 17 and 11 elements In 
the texts of -the four problems. The students were quite familiar with 



■^Each word and each number' is taken as a single element. 

/ 

blaqk-lead (Ed.) ' 
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the objects introduced in the problems. 

The situations in the problems, that is, the rel^tionfe^ps into 
which the objects entered as ^ result of the conditions, were not the 
same. On the basis of' the features of these .relationships , the above 
problems can be divided into twa groupa, in accor^a'hc^'^ith the vary- 
ing complexity of ' their texts. In problems l,and 3 the relationships 
between the components of the problem are given openly 4n the conditions^ 
themselves. In problems 2 and 4 the internal relationships between the ' 
components of the problem are introduced indirectly. 

.The problems. Iji the first group (problems 1 and 3) are characlier- 
i^'ad by the fact tha,t the *^unknown^^ is closely related to the "given 
data," and th^,;^<iuest^||n asked is frankly joined to it,^ 'In the second . 
group of problems (probleJn^ 2 and 4) the "unknown" and the ^*given data" 
are not connected by such direct, clear relationships. Indeed, although 
the purchase made by the pupil is mentioned in the text of problem 4, 
it is necessary, in solving the problem, to find out what, the Situation 



was before this purchase — that is, how much money the pu*il had before 
he made the purchase. It is known from the^ conditions .of problem 2 
that there were colored pencils, but the question in the problem demands 
that the quantity of colored pencils be determined by their relation- 
ships to the black pencils. It is apparent that the relationship between 
•the *'given" and the ^'unknown" in problemfi 2 and 4 is different than in ^ 
problems 1 and 3; cong^f.quently , it is more difficult to solve them than 
to solve those problems where the "unknown" follows directly from the 
"given." 

The t\^fo'^roups of problems indicated(^bove were presented to 20 
fourth grade and 20 sixth graie auxiliary school pupils • The method used 
in our inyestlgation was similar to usual teaching conditions. Although 
the problemvS corresponded to the third grade curriculum in the auxiliary 
school, their j^olution gave, rise to serious dlff I cul ties not only for 
the fourth grade pupils, but fotv-the sixth grade pupils as well, -This 
forced us to pay special attention to tlie solution of problems by the 
sixth grade pupils. 

Let us*first examine how individual schoolchildren accomplished 
the reproduction of those four problems., 

J 09 



First we will look into the reproduction o^f the two problems 
(1 and 3) in which the conditions provided a direct relationship 
between the **given'' and the "unknown" (the first group of l5robleins) . 
These problems were solved by two pupils from the fourth grade *in , 
the auxiliary school, Grisha K. and Kolya V, 

Grisha K. reproduced the problems of the first group in the 
following way: "In one cage there are 17, and in another, l-3> There 
will be 30 " problem ij^. Tlius, the conditions of the problem were 
not fully reproduced: the nomenclature and the question were absent. 
The reproduction of the conditions and th^ solution are not separate 
from one another. The meaning of the problem, however, was 'caught 
rightly; the solution was* also correct • 

Problem 3 "There were 25. notebooks in the cupl?oard. Thirteen 
notebooks were distributed • How many notebook^ remained?" - the pupil 
reproduced it correctly and the^^Pfcved it correctly as ^ well. 

Let us examine the pecxjtiarities of , ^reproducing tj|he second ^^^^P ^ 
of problems . . , , 

Problem 2 was reproduced thus: "There were 20 plain >4>encils and 
10 fewer colored ones. How many colored pencils were th,ere?" The 
structure of the problem was given, but the numbers and the relation- 
ship between its components were incorrectly reproduced. The problem 
indicated that there were mo^e colored pencils than plain ones. The 
reproduction said that there were fewer. The problem had the numbers 
"19" and "6/' while in the reproduction the numbers "20" and "10" were 
named. Having read pfoblem 4, the pupil was silcrU for a few minutes, 
and tiien refused to reproduce it. 

' K olya V. , a student in the same schoo1r--aii4^ grade , reproduced the 
problems presented to him in the following way: "In one cage there 
were 13 rabbits; in another, 17 rabbits. How many rabbits were t:here 
in all?'' (Problem Here the numbers were given in his conditions,- 

although the concrete words *'ln two cages" were lacking in his question^ 
but the meaning of the prqblem was correctly given. 

In reproducing problem 3 — ''There were 25, notebooks In the cupboard; 
13 were returned. How many^were left?"--- the pupil substituted one word: 
instead of "distributed , "he said "returned." Tlie very precise words l4 
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"in the cupboard*' were lacking in the question, but the meaning of 
the problem aa»a whole was reproduced correctly. 

In reproducing problem 2^^ *^There Here 16 plain ones and 6 fewer / 
colored ones. How many were there in al4.?^*--the pupil omitted the 
names of the objects and altered the relationship .between the colored 
and the plai\i pencils, changing the first number as well- Tlie ques-- 
tion in the problem relating to the quaiitity of colored pencils was 
replaced by the more general question, '*How many were there in all?^^ 

Problem 4 was reproduced thus: "The pupil bought a pencil for 
15 kopeks, ^nd he had 30 kopeks left," The pupil repeated only the 
beginning of the problem correctly; he altered the second number given 
in the conditions, and he did not reproduce the question in the prob- 
• lem at all* 

In examining the reproduction of the conditions of all the prob- 
lems, it can be noted that not only the two pupils mentioned, but also 
the remaining sixth grade students, often omit the precisp conditions 
governing the operation and that they often drop^ the names of the objects 
when reproducing problems. Often the numerical data of the probl^em is 
not retained. Sometimes the relationships between the numbers are 
changed by mistake; fox example, instead of **mpre*^ the children said 

*'fewer." The question is either completely omitted, giving way to a 

v 

spontaneous solution, or it is altered. In cases "where the question j* 

<• 

was altered, the specific question asked in th^ problem •becomes the 
extremely general question, ^^ow many were there in all?'' which is 
not found in the given problem. 

In a general survey, of the reproduction of all of the problems, 
the children's answers can'^be gripped in this way: »^ 

1, A reproduction which is ^fundamentally correct and* sufficiently 
complete: the structure of the problem is retained and the number^i^re_ 
correctly reproduced, although the question sometLmes contains an 
InHlgniEicant error. Thety are partial changes which do not essentially 
affect liie problem, 

2. A reproductlpn in which tfie structure of the problem is 
fundamentally retained, alt"hougfi individual words and their sequence ar^ 
altered, and Uie numbers are incorrectly reproduced. 
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3. ' A reproduction which contains the individiml components of 
the conditions o£ the problem, but does notV^tain the structure of 
the problem as. a whole or the numbers. V 

. 4. * RefusalTW-reproduce the problem: "I fdrgjt; 
■it." . 



I cannot repeat 
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It is apparent from the table that only problems No. 1 and No. 3 
were correctly reproduced, although in an ex jretnely limited number of 
cases. None of the students were able to reproduce problems No, 2 and 
No. 4 correctly. The differences which we attributed to the repro- 
duction of problems in group I and, group II are thus confirmed. 

It can be surmise^} that ,the problems >in group I turned out to be 
easy to memorize because the relationships between the parts of each 
problem were reflected in the structure of the problems, in the way 
in which their conditions were formulated, and in the terms used. 

In memorizing the problems in Group 'II the children themselves 
should have established the relationships between the compl^nents of 
the problem, since they had not received them' in a ready form (problems 
that had an "indirect form" were introduced in this group). Conse- 
quently, despite the fact tlfat these problems were solvable by'one 
operation, they were more complex and less comprehendlble, becausf^ of \ 
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the peculiarities of their oral formulation* This explaias why the 
problems in group I were reproduced more accurately. 

In addition, it indicates that when the internal relationships 
■between the components of a problem are not openly displayed, repro- 
duction of the problem is hampered. It is^ imperative that the students 
comprehend these relationships in order to remember and to reproduce 
the ^conditions c5f the problem. 

* Wa know from investigations of mentally retarded schoolchildren 
' that they reproduce these texts better when the relationships between 
consecutive events are set forth using corresponding tenns/for example, 
with/the help of causal connections [22]. If the text ^ the problems 
has no such connecting terms, then this probably also* hampers, repro-7 
duction. 

Furthermore, ^t is apparent from Table I that the students had the 
least trouble reproducing problem 3, in which it was necessary to find 
a remainder; 14 students reproduced its-'structure and contents funda- 
mentally correctly, while in the remaining cases the numerical data 
were altered. Eight students reproduced problem 1 satisfactorily. 
Problem 4 was the most difficult to r^roduce — 18 students did this 
unsatisfactoqrily . Fourteen students reproduced problem 2 unsatis- 
fact^^U^y.* 

If we comb.Lt;e problems 1 and 3 into one group we can see that 
the mentally retarded schoolchildren in the sixth grade reproduced 
even these simple types of problems satisfactorily In only 55% 

of the cases. The more complicated problems, 2 and 4, could be repro- 
* dticed satisfactorily in only 20% of the cases. 

Naturally, the fourth grade students made an even poorer showing 
when they reproduced the problems. Thus, the simpler problems, 1 and 
3, were reproduced satisfactorily in only 35% of the cases, and prob- 
lems 2 and 4, in only 10% of the cases. 

Thus, the. investigation showed that the reproduction of simple 
problems containing almost the same quantity of elements varied, even 
when performed by the same auxiliary school students. The reproduction 
depended upon the type pf problem,, that is^ upon the character of the 
relationships contained in it. As is apparent from the. data we have 
introduced, half the. students reproduced the texts of problems 1 and 
3 somewhat accurately. The auxiliary chool students reproduced 
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problems 2 and 4 considerably less accurately, although sdme students 
attempted to retell them using even more words than were used in the 
text. Tliese attempts, however, did not lead to a porrect reproduction 
of the text; on the contrary, we observed a complete distortion of the 
meaSlng of ,the problem in a series of cases. 

Having established - the fact tiiat reproduction of ^simple problems 
varied considerably, it was important to examine what was retained 
and exactly what was ^dropped or altered in the reproduction of the 
different types of simple problems. 

The students, in most of the cases, reproduced the beginning of 
problems 1 and 3 correctly; the first number given in the conditions . 
of the problem was 'also pemembere^ correctly. In cafees of incomplete 
reproduction the second part ol the conditions was dropped most often 
^and * the question in the problem was somewhat distorted^ In the repro- 
duction of these problems we did not encounter any rearrangement or 
substitution of words which would have grossly distorted their meaning. 

Problem 3 reflected a set of circumstances customary in schools; 
notebooks kept in a cupboard are distributed, some being left in the 
cupboard. The words of the text and the way in which they are combined 
directly reflected the situation. This problem was reproduced more ^ 
accurately than the others. Problem 1, whose question concerns the 
number of rabbits left in two cages, was^ reproduced significantly less 
accurately (here it was necessary to carry out the addition mentally, 
since the problem does not mention all of the rabbits being tog(?.ther 
in one cage) . Tlie question, **How many are there in all?'^ used in this 
problem was generalized; it was not as closely related to the contents 
of the problem as in problem 3, '^How many remained?*' iA^^^^^ concerned 
notebooks which actually remained in the cupboard. Th^efore, problem 
1 was reproduced, less accurately than problem 3, and the question in 
the problem was often dropped. 

A soaucwhat more complex relationship between the text and the 
rf^ality being reflected was set forth in problems 2 and 4. 

*We have already noted that the number of words in the conditions 
of all of the problems differs little. 

Let us recall the contents of problem 2. It referred to both 
plain and colored pencils. In the conditions the quantity of plain 
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pencils was indicated, while the quantity of colored pencils was to 
be determined from their relationship to the plain pencil^; this relation- 
ship was -given in the text of the problem in the form of a number which 
contrasted the quantities of colored and plain pencils* There .was ^o 

4 

direct Information In the problem about colored pencils. 

The character of the reproduction of this problem is u^iij^, as 
we see from the difference in the reproduction of the two parts: >| the 
given data about the plain pencils was usually reproduced with compara- 
tive accuracy; ^he information regarding the colored pencils was poorly 
reproduced — the correct dat^ often replaced by indefinite words, or 
by blanks left in the conditions of the problem. Let us introduce a 
few examples of such reproduction* 

Olya E. : ^'There were 19 plain pencils, and how many other 
pencils were there?" 

Manya 0.: ''There were 19 plain pencils by 6 times less. How 
many pencils were there?*' 

Senya B.: '^There are 19 plain pencils in one, and there are 

6 fewer colored ones. Ilow many pencils were there?" 

Katya E,: "There were 18 plain pencils and 10 colored one's* 
How many colored pencils were there?" 

In reproducing this problem, pupils usually retained the first 

group of data; the second group of data was entirely lost or distorted. 

The question was reproduced correctly in rare cases; of the four repro;- 

ductlons given above, it was retained in one case; in the remaining 

cases the question was changed ancKlost its specific character* In* 

these cases the question asked was nV)t about coloVed^ pencils, as the 

problem requires, but about pencils in general. The relationships 

between the plain and colored pencils were not logical; eVen the colored 

pencils themselves were dropped from the problem. If the children*' 

comprehended these relationships to some degree, the objects (the colore^ 

pencils) were left in the conditions of the problenrf^'^ 

Let us examine another case of reproduction. J 

Koly.^ I.: "How many pencils lay... 17 pencils and fewer." ThA 

child named the obj ects— penclls-™and formulated the question .of, 

problem in concrete form: "How many pencils lay?" The reprodu^i^ion 

of the question, in the very beginning of the problem, and lateil; of 

only certain of the problem's data, and, in particular, of thejterm 
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"fewer, show that the chi3|d did not perceive the concrete relation- 
ships included in the probleii and* therefore could not reproduce it. 

Another case: ^*There*were 19 plain pencils by 6 times less." 
Here the first component of the ^ conditions of the problem was retained; 
the second was distorted, incomplejte ^nd lacking in content. In addition, 
the Schoolboy reproduced .certain expressions jcharac teristic of arithme- 
tic problems. But In this case they k^^^ ^Vree" from definite content, 
and lacking in meaning. ^ >>. 

The relationships present in problem. 4 ate distorted even more 
than those examined above in problem^Z; although, at the same time, 
individual terms, and sometimes even wh^le parts of the text, are retained. 
The quesliuii of the problem suffers even greater damage than in the re- 
maining » cases . Let us introduce a few examples; ' - 

Misha Z.; "A boy bought a pencil for 15 kopeks^. He spent 
20 kopeks. How. much did he have left? Take 
15 from 20.^^ \ ' ^ . 

Katya B.: boy had 15 pencils. The pupil had 17 pencils.^ ) 

How many kopeks did the pupil have left?". 
(Answer : 15 ) • 

^ In reproducing this problem the same persons and objects are men- 
tioned as in the conditions, but the person's action upon the objects 

« 

is not retained. This leads us to the conclusion that the relationships 
In the conditions of the problem are often misunderstood by the schools- 
children, and, thus, are not fully reproduced or ate reproduced incorrectly. 
'Certain expressions, however, which are characteristic of arithmetic 
problems or which are used to communicate their specific relationships, 
^ are included in the problem when it is reproduced, although they have \ 
no organic relationship to the problem. By retaining aritlmietical 
terminology the pupil sees a well known way out of the difficulties which ^ 
,have arisen. 

This singular discrepancy b^etween the mathematical expressions and 
the objects contained in an arithmetic problem is characteristic of the 
auxiliary school students' reproduction of the conditions of a problem. 
In many of ^ the examples the emasculated verbal shells tare retained in 
the reproduction while the objects contained in the problem are lost. 

n these cases certain arithmetical terms are often replaced by others, 
which often have a? opposite meaning; for example, in the repetition 
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of the text of the problem, the word "more^** is replaced by the word 
"less,*' and so forth, ^ 

The question in the problem underwent Lhei^^^3t significant change 
when problem 2 was reproduced • It was most often substituted by another, 
more general, question. 

Thus» for example, in problem 2, instead of posing the question: 
^'How many colored pencils were there?" the pupil asked: '*How many 
pencils were there \n all?*' In problem No. 4 instead of the question: 
"How muck money did the pupil have to begin with?" the pupil "posed the 
question: "How much money was left?" In this casei^|||he question was 
simplified. 

The character of the change 'made in the question is important in 
understanding how the children go about solving the problem, sinc^ the 
question in the problem suggests the (Jholce of the operation used* 

Obviously, in the second group, special difficulties in the repro- 
duction df, the* question arise in connection with the problem^s struc- 
ture, and, in particular, with the relationship of the question to the 
conditions • That is, the structure of the problems, the peculiarities 
of their verbal formulation, and th^ir text appear to be the primary 
.source of difficulties in understanding and reproducing them,. 

We have suggested that reproducing the prqblems will hamper men- 
tally retarded schoolchildren in their oral foxrmul^ion of the text of 
the problems, but that they will be able to remember the objects in 
the problems, since the problems always contain very familiar objects 
and since they are required to reproduce only one operation with these • 
objects. 

The results of the investigation showed, however, that the defects 

in reproduction included not only inferior oral formulation of the prob- 

lems, but also loss of the objects contained in the problems. This 

hampered the selection of the necessary arithmetical operation. 

In reproducing the problems the pupils restated individual words 

f 

and their combinations, but neither communicated the true relationships 
contained in the problem nor expressed them in meaningful, grammatically 
formulated chains of words. It was not the peculiarities of the words 
and the terms themselves that hampered reproduction — the pupils remem- 
bered them and used them. "^Tlie fact is that these terms were not always 
used appropriately. The reproduction of the question distinctly revealed 
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thi^ tendency,, through the generality of the questions. "How much 
will it be?*' 9 "How much was obtained?" was often substituted for 
the specific question in the problem,. Questions which were general 
and non-specialiEed clearly predominated over more specialized ques- 
tions . • 

Consequently, the more complicated the indirect relationships 
between the "given" and the "unknown" in the conditions of the problem, 
^the more difficult it is for the students to reproduce the problem. The 
children more easily reproduce problems in w^^ic!l the "given" and the 
"unknovm" are directly connected with the ^conditions of the problem than 
those in vihich this connection is not direct.' It is important to note, 
however, that mentalij/ retarded children reproduced, even the simplest 
problems poorly ♦ This fact demands a special explanation. 

In general, the conditions of a simple, one cperat^n problem are 
formed in the following way: first, certain data regarding objects 
are conveyed, for example: "12 notebooks lay in the cupboard," or ' 
"There were 9 rabbits in the cage." Quantities which must be regained • 

C 

are included in this part of the problem. Next ngw data appear in the ♦ 
conditions which, although they refer to the same objects, now begin 
to bear certain relationships to the previously named data. For example* 
12 notebooks lay in the- cupboard (1), 6 of them were distributed to the 
children (II); in one cage there were 8. rabbits (J), in another, 3 
rabbits (II)- The children should understand these relationships. 

Tke study of auxiliary school students' reproductions of the 
simplest problems 4ias shown that they have difficulty establishing 
these relationships. Consequently, it is necessary to teach them to 
establish these relationships using visually presented material so that 
they will achieve clear oral formulations of the conditions. 

Only if they practiice at length, using the visual material to ^ 
establish such a connection between the components of the problem, will 
they be able to orally reproduc-e the conditions of the problems. In 
using visual educational material, the children must learn to designate 
their ope^-ations with the material verbally; i.e., it is imperative 
that they achieve a unity of activity between both ^signal systems 
(visual and verbal); only then will the words be associated with their 
concrete substance [18]. 
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One of the causes of the studeats' inability to reproduce the 
texts of problems is the overly rapid changeover from work with visual 
material in auxiliary schools, to the solution of orally formulated 
problems. . Such a rapid changeover is not justified when instructing 
mentally retarded children; it further^ disconnects the activity of 
the' two signal systems. 

The auxiliary school students experienced special difficulties in 
reproducing the last part of the problem — the question. 

The formulation of the question qualifies the relationships in 
the text.- Tlie question expresses in concrete form the changes which 
takfe plafce in a concrete situation described in the conditions of a 
problem. It is the question of the problem which suffers particular 
damage when it is reproduced >y mentally retarded childi^en. 

. Our attention is drawn to the circumstance that, when incorrectly 
reproduced, the question loses its specific quality, and is reduced to 
the extremely general question of the type, **How much was it?** 

It is necessary to note-vthat during the reproduction of problems 
the actual substantive content is lost. Only the remainder of the 
verbal formula and the individual words are retained, which shows the 
dissociation of the activitie\of mentally retarded schoolchildren^ s 
signal systems. ^ 

The students*^ inability to communicate what has happened to the 
objects, what was done with them, what changes took place Involving inem, 
as't^ell as their retention of emasculated verbal formulas, are undoubtedly 
syTuptoms of ^Verbalism*' in the instruction of mentally retarded school^ 
children. ^ Instructors must struggle with these **verbalisms***1Ln teaching 
mentally retarded children. 

Char ac t er i s t ic s o^f tjie reproduction of conditions of simple arithmetic 
problems by second grade stu dents in the mass school . .. 

** We compared the data concerning auxiliary school students with 
the results of the reproduction and solution of arithmetic problems by 
students in the mass school. To that end we conducted corresponding 
studies with 60 second grade students. Tlie results of their reproduc- 
tion of the problems are presented in Table 2 (the numbers in'ciicate •* 
how many pupils reproduced problems in one 'form or another) . 
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TABLE II. 
HOW THE PROBLEMS WERE REPRODUCED 
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Note: Values here are the number of students reproducing problems 
in each manner* 

It is apparent ^from the table that reproducing problems 1, 2 and 
3 vJas not ^difficult for the majority of the students; only the repro- 
duction of problem 4 presented certain difficulties for them. 

It is useful to examine the mistakes made by the mass sclu)ol stu- » 
dents in reproducing these problems » The mistakes in reproducing prob- 
. lems 1 and 3 mosiL often consisted of changes in numbers. Th^se changes 
occurred because the reproduction of the problem is so closely related 
to its solution that the numbers given in the conditions were replaced: 
instead of ^25 notel3(ooks, 19 notebooks were desigixated; .instead of 13 
rabbits, 15 tabbits- fhe structure of the problem was retained in tjhe 
reproduction* 

In their repetition of the text the children replaced certain'" 
' words of the problem with their own words, although they did not dis- 
tort its essential aritlimetical meaning; for example: '*Twenty-f ive 
notebooks lay in 'the cupboard. They took 13 ^otefeooks (in the text: 
niey gave them out to the pupils ). How many notebooks remained?** or, 
"There were 25 notebooks iii the cupboard • Thirteen notebooks were 
* distributed. How many remained in the cupboard?" .We also observed 
how the pupils reproduced "in tkeir own words" th^ text of problem 2, 
for example: "There were 19 plain pencils, and 6 nipre varicolored 
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than plain ones. How many varicolored pencils were there?" The prob- 

lem was consaunicated correctly, but the pencils were called varl- 

« 

colored rather than colored, ♦ 

Converging a given problem into andther type of problem is encoun- 
tered only as an exception among the mass school pupils. For example^ 
in one case a student altered the problem so "as to change its arithme- 
tical meaning; having said that there were so many more colored than 
plain pencils, he formulated the question of the problem thus: "How 
\V many fewer colored pencils than plain pencils were there?" 



In the reproduction of problem 4 we observed that there were 



changes in the form of "ad libs." Thus,^one pupil who rarely 
diverged from the original In his reproduction said» "The boy bought 
5 notebooks f})r 17 kopeks each. He had 20 kopeks left. How much 
money had he had?" Despite such distortion of the condition^ of the 
problem he nevertheless reproduced its structure and question (spent 
the money, had mtmey left^ had how much money). 

Sometimes the students forgot the second half of the pr9blem, 
but remembered the question. In several cases in which the children 
clearly understood the problem but hurried in solving It, we observed 
that they abbreviated the text in reproducing It, For ejcample, the 
problem may have been reproduced thus, "The hoy spent '15 kopeks. 
Twenty kopeks were left. How much had he had?" Such an abbreviation 
of the problem is not only related to, but is probably because of, 
complete understanding of the problem. 

In reproducing a problem the students in the mass fechool usually 
- remembered the problem; almost always the question was correctly 
reproduced. The children failed- to reproduce the question only in 
those few cases in which the solution of the problem followed directly 
from the reproduction of its conditions; for example, "fThe pupil 
bought a pencil for 15 kopeks and he had ^0 kopeks left. Fi^een 
added to 20 would be 35 kopeks." or, "Tliere were 25 notebooks in the 
cupboard; 13 notebooks were distributed. Thirteen taken from 25 
would be 12." Such cases in which the question is absent were also 
noted by N. A. Menchinskaya [lO]. 
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Thus, the reproduction of all four problems by the second grade 

ti • 

students in the mass school did not involve great difficulties. It 
must be pointed out, in comparing fourth graders of the auxiliary 
school with second graders of the mass school, that the latter repro- 
duced all types of problems better* 

However, not only the auxiliary school studeivts but also the" 
mass school students had difficulty with the problem 'having the most 
complex structure (No. 4). 

We can conclude, in comparing the two groups of children,^ that 
the mass school students have less difficulty in reproducing the prob- 
' lems in which the "unknown'' and the "given" are directly related, that 
is, in which £he internal relationships are less complex,. 'Moreover, 
the m^ss school students sblved difficult problems nlore accurately than 
did the auxiliary school students. 

Conclu s ions > 1, The reproduction of the text of^/^ arithmetic 
problem appears to be a complex thought process whitfti depends upon 
•comprehension of the situation described in the conditions of the 
problem, and the relationships between- its components* The depth and 
character of the understanding of the problem ate manifested in the 
quality of the reproduction. 

2. Tlie recollection and reproduction of the problem demand the 
correct use of previously acquired knowledge, which is the basis for 
attaining new knowledge. In order for a problem to be reproduced 
s]Liccessf ully, the knowledge that has been acquired previously must be 

Lrmly retained in the memory; and sufficiently differentiated systemsv 
)r new knowledge, for^^ed in the process of mastering specific types * 
of problems, must be developed. 

3. Simple aritlimetic problems (problems having one operation) 
which differ in logical structure are not reproduced equally well. by 

I 

auxi^I iary school students even when they contain an equal number of 
words* This investigation showed that when problems have different 
verbal formulas they create unidentical 'conditions for understanding 
their situation, the relationship between the components of their 
cqjiditions, and their question. , «^ 

4. Success in reproducing and recollecting a problem depends 
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upon understanding the relationship between the data of the problem 
,and comprehending the relationship between the ^*given*' and the ^^unknown/ 
Problems in which the "given'' and the "unknown^' data are directly^ • 
related enable one to visualize the situation .easily and directly, and 
are, therefore, satisfactorily reproduced by the auxiliary school stu-^ 
dents (such a problem is 3, which involves finding a remainder, and 
probletp i, which involves finding the sum) . The simple relationship 
between the '^given'' and the ^'unknown'* in the text of the problexa is 
eafi^j||P^epresented by visual images familiar to the students, since 
siich images h^ve been consolidated by their past experience • Such 
texts provide the most favorable conditions for the understanding of 
problems and for their rigofous reproduction. 

5. Problems in which the relationships between the '^given** aid 
the ^^unkiiown'' are not, by words- or their Combination, Mirectly expressed 
in concrete form create less favorable ,con4itions' for reproducing prob- 
lems • 

But, since, these problem^ demand "indirect** comprehension of the 
text and, by the same token, contribute to the development of the 
children's' thinking, speci/al attention should be given to exercises in 
solving such problems. 

6. Not all parts of the text of a problem are reproduced wittr 
equal success. Those parts which describe a 'present situation (there 

fcwas' so much) are usually ^reproduced better than those parts in which 
changes in the present situation are involved. Numerical data are also 
reproduced inaccurately, 'especially when they involve changes in the , 
present situation. Specific arithmetical terms are usually retained in 
the reproductio-n of the text of a problem. However, they are frequently 
subject to distor^tion (in§;tead^ of **greater,'^ the word *'fewer'* is used; 
the phrase of "so much more*' Is reproduced as '*by so much more," etc.)* 
Notably, the arithmetical terms that become part of the i*Bproducti^n 

Iffe not always related "to the text of the problem; sometimes they are 
not even related to the numbers which are r^^.ferred t<!5ft.u the conditions 
of the problem (for ' example : ''There were 16 pencils -Si the box — 
fevjer pencils... How many^ pencils are tliere in all?"). It must be noted 
that the arithmetical terms play the role of directors, guiding the 
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comprehension* of the probl^; they are unique, no matter how they are 
interpreted. The problem may say that the pupil spent? a certain quan- 
tity of money and that he had so much left, the initial sum remaining 
to be determined. Directing^their attention to the arithmetical terms 
"spent" and "had left" and their customatf^'combination,* the students 
reproduce tKi6 problem as though it were' independent of . its ,context^ 
'They treat it as, a problem involving finding tJhe remainder, and solve ■ 
it by the operation of subtraction, without taking the remaining con- 
ditions into consideration. 

7. The problem^ s question is frequently omitted;^ it is trans- 
formed from a specific into an extremely general, non-specific ques-^ 
tion which differs in content from the text of the problem. The ^ore 

"difficult the situation in the problem is to Understand, the more the 
mentally retarded children will distort the wording of the question, 

8. The peculiar "d'iscrepancy between the arithmetical terminology 
^n4 the text app^ai;s to be the* source of difficulties in reproducing 
and solving problems in arithmetic* As sa consequence, thace also 
appears to be a. ;^reat deal of discrepancy between the oral formulation 
of the problem and its subjective content ("verbalism" in the wording). 

9. Ifi reproducing a pro'blem the children frequently "alter" it 
from one^type to another. This phenomenon, 'which is indicative of the 
.insufficiency of lasting knowledg'e and of the insufficient differentia- 
tion in mentally retarded schoolchildren, should attract the serious 
attention pf methodologists . At the same time, it is not enough to ^ 
take them into account, since. as yet few pedagogical measures have been 
devised to counteract such ^ phenomenon. ' - " a 

,10. Our investigations permit us to conclude that s ingl^^n^ev^ 
dual. perception of the conditions of a problem (reading by the teacher 
or by a pupil) frequently leads to unsatisfactory reproduction of the 
.problem even by sixth grade auxiliary school students; reproduction of . 
the problem by fourth grade students appears even less satisfactory 
under these' conditionfl . "Consequently .a special method should be 
devised for wo^rking on the assimilation and reproduction of the 
conditions ofr a^^problem* 
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I^Ustakea Made by Auxiliary School Students 
in SolvlnR Simple Arithmetic Problems 

The effect which reproducing the conditions of a^ problem has upon 
xits solution. 



In the preceding chapter we?"exaniined the common features of repro- 
ducing prc55rems, and the dependence of the reproduction upon the struc- 
ture- of the problem • Let us now examine how the correct reproduction 
of a problem affects its solution, when such a solution directly follows 
the reproduction. This soluti gg^ls based' upon the students' remembering 
the conditions of the problem, since they did not have the text before 
them while they were in the process of solving it. In Table 3 the 
correlation between the reproduction, and solution of a problem by 
sixth grade students is represented, 'fhe I4€t column of the table 
represents data pertinent to reproduction, whereby the fundamental ^ 
conditions of the problem are retained. The right column has data 
connected with the correct solution to the problems (the numbers indi- 
cate the percentage of students who correctly^ reproduced or solved a 
problem) . 

On the basis pf the. data we may conclude th^t if the pupils' repe- 
tition of the text of the problem ^as fundamentally correct, the choice 
of the operation was also correct in most cases, and the problem wa*s 
i|sually soXy^e^.^^^^x^^^^y * ^ This conclusion pertains only to the prob- 
lems given to the children — and we do not extend it. 

To CQrroborate the idea that, In the fourth and sixth grades in 
the auxiliary school, the solution to .problems is dependent upon 'their 
reprodpction, we also conducted a special in^^estigation which corro- 
borated the facts we obtained earliter (Table 4) . 
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^ TABLE 3 

REPRODUCTIONS AND CORRECT SOLUTIONS 



1 

Group 1 


• 

Problem Number 


^ 1 

Reproduction 


Correct Solution 




1 


40 


50 




3 


70 


50 


IP 


2 


30 


30 




4 * 


10 


30 








^ ^ . — 



Note:. Numbers are percents of all students" in each group. 



TABLE 4 

REPRODUCTIONS AND CORRECT SOLUTIONS BY GRADE LEVEL 




Group 



Prot)lein 
Number 



Grade 4 



Correct 
Repro- 
duction 



Correct 
Solu- 
tion 



Correct 
Repro- 
duction 



Grade 6 



Correct 
Solu- 
tion 



II 



1 
3 

2 
4 



40 
60 

20 
0 



30 
60 

10 
0 



60 
100 

20 
0 



40 
100 

40 
0 



Note: Numbers are given as percents of all students in each group 
for each grade level. 

The table clearly shows that the solution to a problem depends 'upon 
its reproduction, although there may be certain deviations. It may be 
qbserved tb^'^t the sixth grade students often solved problem 2 while 
familiarizing themselves with its text. This apparently explains the 
predominance of correct solutions over correct reproductions in that 
\grade. \ , ... 
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We also observed in the investigation that the solution to 'a 
problem depended upon the character of the recollection of its text. 

1. In problems 1 and 3, if the first part of the conditions was 
reproduced without the second part or the question, the problem was 
not solved. 

2. When the repetition of the conditions o| the prer^TStis was 
abrid^?;ed at the cost of forgetting only the question, /the ^solution was 
often correct. This can be explained by the fact tKat the question" 
w^s "inferred" by the students, for example: **In( one cage there were 
17, and in another, 13; there will* be 30," • 

9 

Consequently, J^n order to solve a problem correctly, the children 
must recognize the presence of at lea^t two quantities in the problem, 
and understand the relationships that exist between them. We can guess 
^ha^^j^h^ever the "unknown^' is closely connected with the "given" data 
of a problem the solution can*be Implemented correctly, even without 
reproducing the question. 

3» When the question was reproduced incorrectly, and the condi- 
tions satisfactorily, the solution was sometimes correct* Let us take 
as an example the reproduction of problem 2 by sixtrfV grade pupil N. S.: 
^"In one there were 19 black pencils, and there were 6 fewer colored 
pencils • 'How many pencils were there In all?^^ The solution, which 
inmiediately followed the reproduction, was essentially correct and 
answered the question, ^^How many colored pencils were there?" ("6 
taken from 19 is 13 colq^d pencils"). Tlius, the solution corresponded 
to t]ie requirement of the problem, and was not related to the character 
of the reproduction o^f the question. 

In reproducing problem 3 the pupil M» reproduced the question, 
"How many notebooks were In the cupboard in all?** instead of the ques^ 
tion, "How many notebooks remained in the cupboard?" However, he 
solved the problem correctly. Consequently, the relationship between 
the couditions of the problem and the actual question was understood, 
and thus led to the solution of the problem. When reproduced, the 
question did not have the function of guiding the Solution. There is 
a certain df scrp.panry between the reproduction of, and the solution 
to a problem, ofte which apparently reflects the discrepancy between 
recollection and reproduction • 
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4. ^^hen the conditions of a problem were distorted the Solution 
proceeded otherwise. An incorrect solution was usually related to .the 
character of the distortion. The following reproduction of^the text 
of the problem made by the pupil K. may serve as an example: "There 
were 19 plain pencils, by 16 times more. How many pencils were ther^lP 
The* problem was solved by multiplying 19 x 6. Consequently, whenever 
there are definite arithmetical relationships in the distorted repro- 
duction of the conditions of problems, the students 3olve the problem 
in correspondence with the conditions they have reproduced. In terms 
of these conditions, their solution is correct; in, relation to the 
proposed problem the solution is erroneous. 

5. Finally, there were cases in which^ although the problem was 
reproduced correctly, its solution was wrong. This usually occurred 
in the solution to problem 4. One^may believe that in these cases J 
the children misunderstood it: \hey simplified, as we described above, 
the contents of the problem, attributed the wrong meaning to its 
separate paxts, and acted in correspondence with -their understanding. 

Thus, the correspondence^^etween the ^peculiarities of the repro- 
duction of a problem and the character of its solution is a highly ^ 
complex one. We have shown only a few of the* relationships which arise 
between the reproduction of a problem and its solution. ' Tlie data obtained 
allow us to draw certain conclusions. 

1. In those cases in which the conditions of a problem were repro- 
duced erroneously, it was usually solved in accordance with the repro-- 

duction. , * 

2. In several cases the reproduction of the conditions of a prob- 
lem was incomplete or distorted, but its solutLon was ct)rrect. It can 
be supposed that there was a discrepancy between the. subjective content 
of the problem in its printed form and the oral formulation of this 
subjective content., / 

3. Finally, even when the reproduction was satisfactory, the solu- 
tion to the problem was sometimes incorrect. The cause of the erroneous 

• solution to a problem may be a mlBunderst^iuding of the question <rt .the 
problem, which Is often, due to certain characteristics, wrongly identi- 
fied with another question, similarly formulated, but' not identical to 
it. This ertor in comprehension is important. We shall analy/.e this 
later. f 
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Despite all the complexity of the relationships which exist be- 
tween the reprodui^ion of the problem anc^ its solution, the material 
which we have obtained indicates that the application of one solution 
• -♦or another dej^nds to a certain degree upon the peculiarities of the 
reproduction of the problem as a whole, and of its separate parts. 

We have examined only the peculiarities of the first reproduction* 
of a problem, which, in most cases, turned out to be far from complete. 
From the experience of the best teachers, we know that if children are 
systematically taught to state the problem correctly > the quality of 
the reproduction is improved and, in addition, the quality of the 
correct solutions is raise4» • 

It is particularly important to note the complications which the 
sixth grade students introduced in their reproduction and solution of 
simple problems. These can be explained by the fact that Jhe auxiliary 
school students begin to solve problems involving several operations 
^ in the higher grades, and solve few problems involving one operation* 
The new method of solving problems, which .is being developed while 
solving problems involving two or three operations, is consolidated 
by daily exercises. Since it is not sufficiently differentiated from 
the old method of solving simple problems involving one operation, 
the pupil applies it to the solution of all s^jsple problems. In such 
cases a problem iiiVolving one operation is solved as though it were 
a problem involving two operations; something resembling the phenomenon 
which Pavlov called ^^generalization by virtue of insufficient differenti- 
ation *of similar stimuli** takes place. 
^ This explanation of the situation is confirmed by the way in which 

fourth grade pupils, who have already solved problems having two opera- 
tions, solve probLlfems. Since their ability to solve these problems 
was not yet ^signHicantly consolidated, it h^d a reorganizing influence 
on the previously attained methods. In the period preceding the experi- 
ment the pupils solved many problems involving one operation^ an^ 
relatively few problems involving two operations. Therefore, they did 
not "convert*^ the simple problems into complex problems containing 
two operations, aa did the sixth grade pupils. 

Moreover, we observed that the problems which the fourth grade 
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pupils reproduced and solved were influenced by the problems which 
they had solved earlier in the spe lesson. This influence was mani- 
fested, by the similarities of the problems. Tlius, one pupil repro- 
duced 'problem 1 in the following way: '*There were 17 rabbits in one 
cage, and 13 rabbits in another. How many were there in all?" This 
reproduction corresponded to the original. But he al-tered problem 2 
by likening it to the first problem: "There were 19 pencils in one 
box and 13 pencils in the second." Tlie same thing happened with prob- 
lem 3: '*There •were 17 notebooks in one cupboard; in the other, 13 
notebooks." Tlius , the second and third problems were likened to the 
first problem and were solved by addition/ * 

These facts have already been noted in literature on the subject, 
but her^ they once more show that in mentally retarded children prev- 
iously attained knowledge is insufficiently differentiated and is 
difficult to consolidate. This may explain the students* occasional 
desire to reread the text of the problem seve^-al 'times before repro- 
ducing it . 

The second grade student^ in the mass school relate the repro-^ 
duction of -a problem to its solution more closely than do mentally 
retarded children. When they reproduce a problem perlfectly it was 
usually accompanied by a correct solution (Table 5) . The table shows 
that tha correct reproduction of problems usually corresponded with a 
correct solution. Consequently, perfect reproduction of the text of 
a problem is very important to Its comprehension and solution,. 



TABLE 5 . « 
COMECT REPRODUCTIOM AND CORRECT SOLUTION 



Group Problem Number Correct Reproduction Correct 

Solution ' 



n 2 

4 



80 90 
90 90 

80 
60 



Note: Values are the number of students 
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It has been determined that the oral reproduction of a problem 
often an insufficient baais for building comprehension of even the 
sijnplest arithmetic problems by auxiliary school students. To this 
end other methods and systems aire necessary; these still need t9 be 
developed • 

Characteristics of the aolu&ion of simple problems by third and 
fourth grade auxiliary sefS&m students * 

Above we examined the typical errors which arise in solving arith- 
metic problems. To uncover the causes of the errors and to show how 

these errors depended upon the character of the problem* s structure, 

"A 

special experiments were conducted. ^ 

Observations of the solution of arithmetic problems in school 
and data about the level of the students' knowledge, showed the most 
characteristic and constant errors tnvolvBd the choice of op^^ations 
and the nomenclature. In order to define the conditions under *2|iich 
errors in choosing operations arise, we^ observed the course of the 
solution of a series-of selected problems. ^ . 

A. S. Pchelko believes that the fundamental prerequisites of 
successful solution to all arithmetic problem^ are evolved in children 
during instruction, in solving simple problems — i.e., problems involving 
one operation [14]. In fact, when a pupil is solving such problems, 
he first discovers what the problem represents and what its elements 
are (conditions, numerical data, question). When solving simple prob- 
lems, the children learn to understand the relationship between quanti- 
ties and to apply the aritlimetical operations correctly. The simple^ 
problems provide a preliminary acquaintance with the arithmetical 
operations and develop a lasting ability to understand /these operations. 
Although uniform in the number of their operations, these problems differ 
in their arithmetical and logical structure, and, consequently , they also 
vary in the difficulty of their solution. 

Simple problems can be classified according to the type of arith- 
metical operation used: thus, four basic groups of problems arise, 
those involving addition, subtraction, multiplication, and division. 
However, methodologists are not satisfied with the isolation 6f these 
basic groups; they have developed narro^^er classifications of simple 
problems • Several such classifications have been suggested. 
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G. B. Polyak "distinguishes 15 types, of problems [l5], A, S, Pchelko 
divides all simple problems Into 12 types [l4], and L, N. Skatkln divides 
them into 24 types [16] • 

In our investigations we utilized the classifications that many 
methodologlsts (N. N. Nikitin and others [12]) have applle^. This 
classification was suggested as a basis for the program for arithmetic 
in the auxiliary school. According to such a classification simple prob- 
lems fall into 11 types, groupefl in relation to the arithmetical opera- 
tion and its use: f 
addition.- 2 types of problems; 
subtraction - 3 types of problems^ 
multiplication - 2'typll of problems; 
division - 4 types of problems* 

All eleven types are included in the arithmetic program for the 
mass and auxiliary schools • In the auxiliary school ^hey are studied 
from the first through the fifth grades [3], and in the mass scho.ol, 
from thg first through the third grades [2]» 

Experimental studies were conducted. with 182 students from the * 
third, fourth, fifth, sixth,and seventh grades in two auxiliary schools 
in Moscow and the Moscow area. Similar studies were conducted with 
147 students from th^ second grades of two mass schools. 

All the students were given identical problems to solve. The 
choice and system of the arrangement of the problems corresponded to 
the system for arranging them lu the programs of the mass and auxiliary 
'schools. The students were given only those types of problems whlch^ 
they had studied in school. Operations involving computation presented 
no difficulties for the students, since the problems required operations 
within the limits of one hundred only. | 

fh^N:hlrd and fourth grade students in the auxiliary school and 
the second grade students in the mass school were given only four types 
of simple problems; the auxiliary school students in th^ higher grades 
so;i,ved all types of problems. We present -the texts of these eleven 
problems . ^ * 

1. (Finding the sum). In one cage there were 6 rabbits, 
and in anotlijfer, 4 rabbits. Altogether, how many 
•^.^ . . rabbits were there in the two cages? 
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2* (Finding the remainder) . ^ There ware 6 notebooks in the 
cupboard* and 5 notebooks were passed out. How many 
notebooks remained? 

3. (Addition of the type "so many more"). Fifteen apples 
were in the ]?asket, and-^here were 10 more pears than 
apples* How many pears are in the basket? 

* 4. (Subtraction of the type '*8o many f ewer'^) • There were 
17 plain pencils, and 6 fewer colored pencilsj^ How 
many colored pencils were there? 

5. (Division into parts). 'Twelve notebooks were divided 
among 6 pupils equally. How many notebooks did each 
pupil received 

6. (Reduction by a multiple). A ruler costs 32 kopeks, 
while a pencil is 1/A as much. How much does a pencil 

' cost? 

7. (Finding the product). Five chandeliers were hanging 
in the hall* There were 3 light bulbs in each 
chandelier* Altogether, how many light bulbs were 
hanging in the hall? ^ 

8. (Division into subgroups). Thirty-five tomatoes were 
planted, with 7 tomatoes in a row. How many rows 
were obtained? 

9. (Increasing by a multiple)* Petya caught 4 fish, while 
Vanya caught 3 times as many. How many fish did Vanya 
catch? 

lOf. (Comparison by determining the difference) . An automobile 
factory used to produce 50 cars a day, but now it produces 
75, How many more cars has the factory begun to produce 
daily? 

11. (Comparison by determining, the ratio)* One pupil has 24 
^ 'notebooks, while another has 6 notebooks. How many times - 

as many notebooks as the second pupil does the first pupil ^ 

have? 

The experimental lessons were conducted in the third quarter 
under ordinary classroom conditions. The problems were printed on 
separate sheets of paper which were given to each pupil. 

In the lower grades the teacher first read the conditions of the 
problem aloiid, and then the children received the sheets of paper with 
the problem and read them to themselves. In the upper grades the pu-- 
pils read each problem to themselves. The students did not copy down 
the conditions of the problem, and the time for solving the problem was 
not llmited.^^ - «^ 

The third and fourth grade pupils in the auxiliary school solved 
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four types, of siiJiple problems (problems 1^4). It must be said that 

by the time the experiments were -being conducted the students in these 

grades were already solving uncomplicated problems involving two opera- 

tions.. 
« It 

Tlie solutions to the problems were considered to be correct only 
'when the correct opera.tioji' was chosen and the calculation was correct. 
In Table 6 the results of the solutions to each problem are presented. 



TABLE 6 

PERCENT OF STUDENTS WHO SOLVED THE PROBLEM CORRECTLY 



Type of 
School 


Grade 


Problem 
1 


Problem 
2 


Problem 
3 


Problem • 
4 


Mass school 


II 


97.0 


96.0 


91.0 


93.0 


Auxiliary scjiool 


III 


33.0 


31.5 


30.5 


29.0 


Auxiliary school 

4. 


IV 


52.0 


51.0 


46.0 


43.0 



It is apparent from the table that considerably fewer auxiliary 
- school pupils solved the problems correctly than did the mass school 
pupils. Thus, the percentage of the 'second grade mass school pupils' 
correct solutions to the four problAie varied between 91% and 97%; the 
third grade auxiliary school pupils' ^rrect solutions varied between 
29%"and 33%, while the fourth grade pupils' scores varied between 43Z 
' and 52%., 

The table shows that the ability of the auxiliary school p'upils 
to solve problems grows with the extent of tH^ir education* Thus, in 
the third grade there were 31% correct solutio'^ns, while in the fourth 
grade the quantity of correct solutions rose to 49%* Since the per- 
centage of correct solutions in the second grade of the niass school 
is 94%, it is easy to see that the proportion of porrect solutions, 
of the four problems in the third grade at the auxiliary school is 
one-third tl>at of the second grade at the mass school, and in the fourth 
grade, almost half. ^ 
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We h^e analyzed the students *^^€tr or s in solving the f<hir prob- 
lems into the ^^^ 41 ow ing groups : 

1. Errors in calculation 

2, Errors in applying operations 

a. Incorrect choice of operations 

b. Applying too many operations 

c. Arithmetical manipulations with the numbers. 

A few words must be said about the. second group of errors. All 
W the subgroups were selected by teachers, and are reflected in pedagog- 
ical literature. We nevertheless wanted to illuminate our understand- 
ing of these errors, and to define their contents more precisely. In 
. the*, first subgroup we referred to cases in which the wrong arithmetical 
operation was used, due to the influence of a similar problem. This 
influence arose because the given problem was mistaken for another prob- 
lem superficially similar to it.^ Comprehension of the new problem 

» 

depended upon the similarity in the verbal expression of the two prob- 
lems~i,e., the newly solved problem and the previously solved one. 
An analysis of the children's work shows that erroneous solutions 
usually occur whenever the conditions of the jg^oposed problem "are taken 
to be ^he conditions of another typ^'of problem. 

In the second subgroup we referred to erroneous arithmetical opera- 
tio|» which do not stem from the incorrect interpretation of the prob- 
lem, but are caused by the direct influence of the preceding problem. 
We refer here to those cases (in which addition is applied instead of 
subtraction because, having solved t^j^first problem' by addition, the 
.mentally retarded child solved the tliTee subsequent problems according 
to this pattern. / 

^ We present ^the following table illustrating the characteristic ^' 
errors made by the students in the mass and auxiliary schools (Table 
7) . examining the table "one shoulti remember that the errors were 

made in only 6% ot the cases by the second grade students in the mas;^ 
school, but in 69% of the cases by third grade students and in 49% of 
the cases by fourth grade students in the auxiliary school. The * 
errors of a given type made by students in a given class are expressed 
as a percent of the total number of errors made by those students. 
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■fi^LE 7 
ERRORS IN SOLUTIONS 



Type 
of 

School 



Grade 



Errors 
in 

Calcu'- 
lation 



Errors in Applying 
the Operation 



Incongruous 
Choice of 
Numbers and 
Operations 



Incorrect 
Choice of 
Operations 



Too Inany 

Opera-- 

tions 



Total 



Mass 
sch6o 1 

Auxil-. 
iary 
^"Bchool 



II 

III 
IV 



5 
3 



25 



20 



38 

49 
35 



60 

21 
42 



X. 



100 

100 
100 



ifote: Numbers are percents of all errors committed. 



The second grade students in the mas^ sch ool made no errors in 
calculati^ at all. Cases in which the wrong operation was chosen were 
encounter ec^rather often (38%), but errors ^involving the application 
of too many operations were predominant (60%) ♦ The latter is explained 
by the fact that while the experiments were being conducted the chil- 
dren were doing many exercises in problem solving involving two * 
operations • 

It is evident from th^ table that, even for auxiliary school pup- 
ils, ^rors in calculation are rare. More characteristic the ^hird 
grade auxiliary school students, are errors involving 4:he incorrect 
choice of operations,' that is, incorrect identification of the type 
of problem being solved, in ^which the pupil mistakes it for a similar 
problem^ Analogously the auxiliary school pupils very often (12' times 
as pftcn as the mass school students) replaced the solution to the" 
problem by arithmetical manipulations with number^. Tliis was probably 
a consequence of their low level of comprehension of the problem. Since 
the third grade had not yet done problems involving two operations * 
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often enough ^to gain confidence in their ability to ^solve them, cases - 
involving too man^ operations were rare. Tlie fourth grade students- 
mistook a sijnp|e problem for another type o>^ problem somewhat less 
frequently than did the third grade students .t' They less frequently 
solved all the problems according to one pattern. The number of times 
they solved a simple problem as though it involved two operations, 
however i wa^ twice that of the third grade pupils. In the fourth grade, 
ptoblems involving two operations occupy more 'time than they do in the 
third grade; this circumstance engenders errors involving the appll^- 
cation of too many operations. 

The distinguishing features In the way auxill^y schooJL students ^ 
solve problems are even more sharply revealed b^ the "^^^centage of pupils 
who solve all the jfroposed problems: 80% of the second grade pupils 
in the^mass school solved all of them, compared witti 6% of the ^hird 
graders and 25% of fehe fourth graders in the auxiliary school.. 

This fact testifies to thk serious dif^crepancies between the 
programmed requirements^-^and the factual knowledge of the auxiliary school 
students • In the second gra^ie of the mass school 80% o^ the students 
answered the questions correctly (it nyast be noted that we worked in 
a mass sphool with many poor s^u^ents) . ' ^ ^ 

One mi^t ask How much *'dif f erentiated and lasting knowledge*^ 
fourth grade auxiliary school students can possess if only 25% of the 
* students can solve four types of simple problems correctly • Neverthe- 
less, the auxiliary school curriculum stipulates that "the children 
should solve complex problems involving two operations beginning with 
the second grade, ^nd begin, in the fourth grade, complex problems 
• involving three operations* 

Characteristics of the method auxiliary school students in the upper 
grades use, in solving simple problems > 

In the auxiliary school the process of acquainting the 'students 
with simple problems ends with the fifth grade, -According to the 
existing program, the students in that grade should be able 1 to solva 
simple problems involving comparison by determining the diff^erence, 
comparisop by determining the ratio, d:^vision into subgroups^ *and 
G5^puting time. In addition, they should be able to solve various 
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complex prSblems involving two or three operations. * To solve these 
problems conscientiously the students should master the lasting .and 
differentiated skills needed* to solve simple prd^ems. To what extei}t.|. 
is this achieved in practice? ' % 

All eleven types of simple p^roblemg whose texts were introduced 
above were presented to the pupils it\ the fifth through seventh grades 
at the auxiliary**'school. 

Seventy^y-eight third grade students in two Moscow mass schools and • 
133 fifth , sixth , And seventh grade pupils in two Moscow auxiliary 
schools participated in the work. f ' , » 

The majority of the third 'grade pupils in the mass school solved' < 
all eleven types of simple problems correctly. Of the whole number 
o£ studentTs only 14% committed errors in solving them^ ' Consequeittly, 
the level of the knowledge and ability of the third grade students in 
the mass school corresponded in general to the requirements set forth 
in the program. The situation was quite the contrary when these prob- 
lems were solved by .the upper grac|^ students in the auxiliary school. 
(Table 8>. ' 



TABLE 8 



.PKRpENT Oi^fSTUpENl'S WHO SOLVED i^L TYPES OF SIMPLE 



PROBLEMS CORRECTLY 



.Type of School 


Grade 


J 

Percent of 'Students 


Mass school 


III 


w 


86 


Auxiliary School 


V 




18 . , . 










Auxiliary School ^ 


VI 




25 > 








48 ■ 


-Auxiliary School ^ 


VII 





Note: Percentages of the to<al number of students in a given grade < 
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It evident from the table that the fifth grade students in the 
auxiliary school solved .the problems poorly: Qnly 18% of the pupils 
were able to solve the proposed problems correctl4# However, 86% of the 
third grade pupils in the mass school solved these problems. The num- 
ber of seventh ^ade pupils in the auxiliary school who were able to cope 
with the problems Vi^s^three times that of the fifth grade. However, 
at the end of the course, only half phe students had solved the proposed 
prqblems, and^'there were twice as many of them as there were thir.d 
graders at the mass school. 

We analyzed the errors made in solving the eleven types of simple 
problems. We' conducted our analysis of the errors committed by the 
upper grade students in solving the simple problems using the same method 
employed in our analysis of the errors made Jjy the lower grades. 

The results of processing the collected material are reflected in 
Table 9 (the proportion of the various errors experienced by each 
group is reflected in the percentage of the entire number of errors 
comm:^tteci by the students in a gi^n grade) . ' 

By comparing the data contained in Table 9 with the dat^ presented] 
in Table 7, we can see the difference between the solutions to simple ^ 
.problems' by the'^upper and lower grades. 

In the upper grades the manipulation of digits, which composed [ 
25% of the errors of the third grade students and 20% of the errors \ 
of the fourth grade stjudents in the auxiliary school, did not occur.. 
The attempts to use too many operations disappeared: this provides an 
opportunity to compare the way the pupils in the upper grades distin- 
guished the various types of problems, to the way in which the lower 
grades compared them. There were refusals to solve problems, a 
fact which testifies to the growth of the children s critical attitude 
toward activities involving thought. 

The fundamental category oi errors maHe by pupils in all grades 
of the auxiliary school involved the incorrect^ choice of operations. 
Tlic same is Lrue for thiid grade pupils in the mass. school. 
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TABLE 9 
ERRORS IN SOLUTION 



Type of 
School 


ro ooive 
the 

Problems 


^ JL 1, W 1. O 

xn 

Calcu-. 
latlon 


Errors in Applying the Operation 


* 

Total ^ 


Manipu-* 

lation 

of 

Numbers 


Incorrect 
Choice of 
Operations 


Too many 

Opera-- 

tions 


^ ^ — 








• 






Scriool 














Grade 














T T T 
ill 


U 


n 
u 


0 




0 


100 






V 










iary 














'School 














Grade 












a 


V 


s 


0 


0 


92 


0 


100 


Auxil- 








* 






iary 




























Grade 














VT 

V -L 




7 


0 


70 




100 I 
















Auxilr 














i-ary 














School 














Grade 














VII 


0 




■ 0 


92 


8 


■ 100 




,1. 













Note: Numbers ar^ in percent^ of all errors committed in each schodl 
and- grade level • 

Let us explain the character of the most widespread errors, and ^ 
determine which problems, undc^r what conditions, engendered the erroneous 
choice of operations. In most cases, the errors arose in solving the 
following problems: 

1. The problem in Comparison by determining the difference: 
''An automobile factory used ^ produce. 50 cars a day, but now it pro-i^ 
duces 75. How many more cars has the factory begun to produce dally?" 
In. the erroneous solution to this problem, instead of the required 
subtraction, the operation of addition was usually performed; this is 



a typiq^l error. 



This solution accounted for 80% of the errors committed, 
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In the remaining 20% of tKe cases the problem was erroneously solved 
by multiplication. The root of this erro^ Is con|p&led by the external 
similarity between the wording of this problem and problems involving 
addition* This similarity to problems involving addition, apart from 
everything, else, is amplified by the pre^ifce in the text of the term 
"more/' The same problec; Is sometimes even taken to resemble problems 
solved by multiplication. This occurs less often, however, apparently 
because the dif f erence ^between the numbers in the proposed problem is 
^not sufficiently great to allow for a Solution by multiplication, 

2. Another problem whose solution gave rise to many 'errors^ 
even in the upper grades, is the problem iipolving division Into sub- 
groups: "Thirty-five tomatoes were planters, with 7 tomatoes in a 
row- How many rows were obtained?^' A typical error made in solving 
this problem was the use of multiplication instead of division. The 
conditions of the problem bear a strong resemblance to those in a prob- 
lem involving multiplication, ^primarily because of the wording: "So 
many tomatoes, so many in each row"; bes'ldes, there is a great difference 
between the two quantities (35 and 7), arfd this Is a characteristicVbf 
multiplication problems. Thus, this problem is erroneously understood 

to be a multiplication problem of the type: ' "Thirty-five tomatoes 
were planted in each row. There were 7 rows. Ilow many tomatoes were 
B^-anted?" ^ , ^ 

3. The most difficult problem for the children involved compari- 
son by determining the ratio: "One pupil lias 24 notebooks, while 
another has 6 notebopks. How many times as many notebooks as the 
second pupil does the first pupil have?" The errors committed in 
solving this j^oblem were more diverse than those in the above cases; 
48% of the eriroueous solutions were caused by use of addition, 41% of 
the errors involved the use of multiplication and 13% of the errors 
came aboutv through the mistaken application of subtraction. 

Once again the basis of these errors appeared to be a certain 
similarity between the problem being solved and other types of ^problems, 
along with the students' inability to differentiate thec^. 'It is 
interesting that the proposed problem was taken to resemble three 
different types of prbblems, although the typical errors appeared only 
in applying multiplication and addition. 
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1 2 ' 3 4 5 6 . 7 
Problem Number 



9 10 11 



Figure !• Percent of Correct Solutions 
of Simple Pj^blems-* 



The extent to which 
the correct interpretation 
and splution of simple 
problems depends upon the 
type of problem is shown 
by the graph {Figure 1). 
The eleven types of prob- 
lems are numbered along 
the horizontal line (the 
order corresponds to the 
^numbering of the problems 
as indicated on pp. 132^133 
The percentages of correct 
solutions to these problems by 
studeiits in grades 5 through 
7 are indicated along the vertical 
line in Figure 1. ^ 

All the simple prolilems were not solved equally well by the stu- 
dents in the upper grades at the auxiliary school. At the same time 
certain ^)roblems appeared to be simpler for them than we expected (for 
example, the problems Involving division into parts) ♦ On the other 
hand, other problems required more attention and more careful working 
methods. 

We believe that a more careful 'analysis of problem solving permits 
us to divide the problems into groups according to their complexity . 
(Table 10). ^ ^ ' 

The first* group includes- problems iit which the operation re4uired 
to solve the problem is indicated directly in thj.^ndit ions of th^ 
problem by means of the terms added, subtracted, divided* In. other 
words, this grOup is made up of the so-called direct operation problem^ 
which, as WG know, are the simplest for the children. 

in the second group arg problems whose wording describing the 
relationships between the numbers must be interpreted and expressed 
arithmetically before the problem can be solved correctly. To choose 
the operations one must understand terms like '^so many more** and 



"so many fewer J' 
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The third group of simple problems is the most difficult for 
' mentally retarded student^s. These problems involve the most complex 
relationships — comparis9n by determining the difference, comparison by 
determining the ratio between two quantities, and division into sub- 
groups. The solution of these problems is especially important in 
the development of the studehts* thinking. These problems were not 
mastered satisfactorily. They are difficult; and not only is insuffi-- 
' cient time spent on solving them in school, but also no method of 
teaching them has been worked out* 



TABLE 10 

PERCENT OF CORRECT SOLUTIONS FOR EACH PROBLEM TYPE 



Group I 


%. of Cor- 
rect Solu-^ 
tions 


Group II 


% of" Cor- 
rect Solu-^ 
tions 


Group III 


% of Cor- 
rect Solu- 
tions 


1, Find^ 

■ing the 
sum 


94 


1. Increas- ^ 
ing by sev- 
eral units 


73 


1. Division 
into sub- 
groups 


53 


2. Find- 
ing the 
remainder 


82 


2, Multipli- 
cation by 
severai 
units 


71 


2 r Compari- 
so'A by, deter- 
mining the 
difference 


42 


3. Divi- 
sion Into 
parts 


81 


3. Find- . 
ing the 
product 

4 . Reduc^ 
tion by a 
multiple 


64 

64 


3 . ' Compari- 
son by deter- 
mining the 
ratio ♦ 


31 






5, Tnr.reas-- 
ing by a 
mul triple 


61 




« 


Average 
Percent 
of 

Correct 
Sol utions 


86 

i 




66 




42 

0 
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These were the data we obtained by studying the auxiliary school 
students' solutions to the eleven problems newly presented. From our 
point of view they are especially significant for the development of a 
method for teaching arithmetic. 

We were also especially interested in how the auxiliary school 
students in t^e upper grades solyed the problems which some authors 
(Skatkin, Nikitin) call indirect problems, and other authors (Menchin- 
skaya) call inverse problems. 

To verify the role of the problem^s structure in the solution 

process, we conducted supplementary experiments with the sixth grade 

in the auxiliary school. Two simple problems involving addition were 

presented to the children, one directly, the other indirectly. 

First Problem Second Proble||i 

' Misha had 30 kopeks; Mama gave Petya spent 20 kopeks and 

him 20 kopeks. How much money had 30 left. How^uch money 

did Mlsha^ then have? did Petya start out wi£h? 

Twelve of 13 pupils solved the first problem correctly. The 

second problem was solved by 4 of the 13 pupils. The remaining pupils 

solved the problems incorrectly: six children w^e influenced by the 

terms spent and had left and used subtraction (30 kopeks - 20 kopeks« 

10 kopeks) ; three pupils transformed it into a problem involving two 

operations. 

Teachers must pay special attention to teaching the solution of 
"indirect'* problems in the auxiliary school. 

After completing the analysis in order to verify the data obtained 
we again conducted analogous exercises with 138 fifth , sixth, and 
seventh grade students in three Moscow auxiliary schools. Thfey were 
given only seven problems from the eleven, beginning with the fifth 
problem (see pp. 132-133). One should note that the exercises in 
^ aritlimetic in these schools were conducted by experienced teachers. ^ 

Tlie results of the solutions-, of the proposed problems are repre- 
sented in the graph (Figure 2). 

In this connection the similarity In the configuration of the 
curves draws our attention. The highest points are observed in the 
solutions to problems 5 and 9; these problems are consistently tlie 
most successfully solvedt Finally, we must not fail to note that the 
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point corresponding to the last," 
the eleventh, problem, occupies 
the lowest position; i.e., its 
solution appears to be the most 
difficult. - 

A qualitative analysis of 
the errors confirmed previously 
obtained results; the incorrect 
use of operations predominated, 
because the children mistook the 
proposed problems for another 
type of problem more familiar 
to them, ^ of Proposed Problems. 

Thus, the solutions to various types of problems involving one 
operation present different degrees* of difficulty for mentally Retarded 
students; the degree of difficulty depends upon the problem's type of 
struc tare . - ^ 

'The number of correct solutions is increased in the fiftli and 
sixtli grades, but this increase occurs because the problems are more 
simple. The ability to solve problems, which ^requires the- perception 
^of the relations^iips between the numbers, remain^ entirely unsatis- 
factory. Tlie most difficult problems are those^ involving comparison 
by determining the difference and comparison by determining the ratio. 
The most widespread errors in the solutions to these problems involve 
the incorrect choice of operation* An analysis of these errors shows 
that in most cases the students failed to recognize the problem. Re--^,- 
lying on nonessential external signs and taking them out of context, 
the cfiildren incorrectly determined what sort of problems they were,.^. 
and thus solved theV unsatisfactorily by applying op^eratlons corres— 
ponding to different types of problems. 

These errors, which persist until the upi>er grades, testify to 
the great difficulty experienced by aujfillary school pupils in conso- 
lidating a clea^y dif f ere^ntiated and t^acious system of elementary 
aritiimetical knowledge* 
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Errors made by auxiliary school students in vnriting the nomenclature 
when solving problems > 

An analysis of* the typical errors made by auxiliary school students 
in solving problems would be incomplete if we did not illuminate the 
errors they make in writing nomenclature. These errors are very. common, 
and they accompany correct solutions as well as erroneous solutions. . 

In mentally retarded schoolchildren, correct understanding of the 
subjective content of a problem is directly related to writing the 
nomenclature, in the process of solving the problem • The correct desig- 
nation of the nomenclature in solving arithmetic problems indicates the 
pupil's conscious consideration of- the conditions of the problem, and 
of the arithmetical operation he chooses. Thus, many elementary school 
methodologists have, fo^r a long time, justifiably emphasi;£ed the sign!- 
ficance'^of writing the nomenclature in performing ar itlimetical opera- , 
tions. '*The descriptive notation of the solution of a problem serves 
as a fulcrum for the work of the pupil's imagination and memory, and 
^^^b^^^a same token fadiitates his thinking...." **When solving a prob- 
lem- in elementary school, the written operation must include the name 
of the units both in the given data and in the result ; exceptions , of 
course, are the multiplier in multiplication, the divisor in division 
into a given number of parts, and the quotient in division into sub- 
• groups" [6]. / ^ 

Other methodologists empliaslse that, by writing the nomenclature, ' 
' the children's thinking becomes directed' into the proper channel. "The 

statement of the nomen/S J^ature gives \t^e notatit?u of the problem a- more 

f 

descriptive character; without the nomenclature the notation appears 
^ to be abstract and pnly faintly reveals the character of the students' 

thinking. Writing 'the nomenclature disciplines the students' thinking 
and induces the piipil tc^ look more deeply Into the components of the 
arithmetic problem" [14]. A similar thought is expressed by A. I. 
Volodina, a teadher: "The statement of the nomenclature indicates the 
conscious attitude of the pupil toward his. work and gives us the oppor- 
tunity to control this conscious activity" [20]. 
' The statements of the methodologists in the mass school are also 

important for developing methods of teaching arithmetic in the auxil- 
iary school. Indeed, in order to do an arithmetic problem, the pupils 
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must* picture, in concrete fortUi the objects upon which one or another 
operation is being performed, using definite quantities stated in the 
conditions of the problem. 

Knowledge of the object mentioned in the conditions of the problem 
is directly connected with Its name; knowledge of the quaqjtities, with 
their names. Understanding the conditions of the problem is closely re- 
lated to understanding coherer\^t speech, that is, ^knowledge o/ the l ang^ 
uage. Children should kr>ow the nam^ af the objifects and the quantities 
mentioned in the problem and should understand the signif icapte of the 
arithmetical terms signifying the operations tb be performed in the 
problem. The3^ shgAild fully understand liow words agree, and what governs 
them; they should understand the meaning" of combinations of words in 
the sentences constituting the conditions of tife problems, and finally,*" 
they should know the interrogative form of sentences in order to under- 
stand 4;he question in the problem. * 

Children become acquainted with the contents of problems by read- 
ing them. Tlie texts of arithmetic problems, by virtue of. their com- 
•^pression, are difficult to understand. One must be able .to read the 
text fluently and intelligently in order to understand the problem. ' 
Schoolchildren in the elementary grades at the auxiliary school are 
often poorly j^repared for this task. 

For a pupil to understand the text of a problem', the words and 
sentences must seem a part of reality, and must summon its reflection 
to hl^mind. Only under these circumstances is it possible to choose 
.;ther right arithmetical opferation for the required problem* Formu- 
lation of the nomenclature, which tells whether or not the contents 
of the problem have been understood, presents no difficufties for 
students under these circumstances. 

It is customar i ly the procedure in arithmetic to distinguish two 
types of nomenclature: niomenclature involving operations with so-- 
called concrete or ofi jectlve numbers and nomenclature of^> numbers wjiich 
are obtained by measurement, called den ominate numbers » 

We consider the mistakes which the auxiliary school students tr^iike 
in formulating the nomenclature while solving problems with concrete 
(objective) numbers tau-be the first stage of work with them* 'Ilxis 
st^ge in teaching the formulation of nomenclature appears to be 
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necessary for* a mastery of the ability to work with concrete numbers. 
Acquainting the students with the simplest measurements and enabling 
them to form the necessary skills in that sphere appear to be the 
most important problems in teaching arithmetic at the auxiliary school 
so that students will be prepared to do practical work. But, as we 
know, operations involving concrete numbers, especially composite num- 
bers, are extremely jdifficult for auxiliary school students; therefore, 
some teacher^s decline this work and do not equip the students with the* 
measuring skills which are so necessary ^fo a person at each step of his 
pnictieal activities. Examining this question as a whole, we note that 
proper study of the nomenclafefire of concrete numbers would certainly 
have prepared the students to use the system of nomenclature, and, ^y^ 
the same token, wpuld have facilitated their achievement of skills in 
measuring. 

The correct formulation of " nomenclature ia^problem solving is not' 

♦ 

given the necessary attention; some auxiliary school teachers are quite 
satisfied with the solution to a problem if the nomenclature is missing, 
as long as the operation is correctly performed. 

We must note that there i^ no one set of procedures for teaching 
children to writ^ nomenclature ^ Certain elem^tary mistakes in writing 
nomenclature arise just because of this lack of an established method 
of teaching such notation, or as a result of improper training. Teacher 
and methodo legists do not agree on this question of method. 

Some teachers do not instruct the children to write the nomencla- 
ture; their pupils ^rite down the solution without the nomenclature - 
The students hear from other teaehe.rs that it is necessary only to put 
down the' nomenclature in the results. We even came across a case where 
all the students in one class diligently copied out the nomenclature 
separately from the numbers, on another line. 

Thus, for exampl^, in the notebook of one pupil in that class we 
saw this notdtion for the solution to the p^roblem, "5 pencils lay" on , 
the table, and 2 more pencils were laid thert^. How many pencils were ^ 
there altogether?'' 

5 + 2=7 
pencil + pencil = pencils. 

An analysis of the pupils' written work showed that the teachers 
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often permit them to drop the nomenclature in solving problems; this 

appears to^be' one of the causes for the children* s forgetting the 

concept of the objective contents of the problem* 

During the^ first stages of instruction, when the child does not 

yet. distinguish the numbers from the concrete totality of the objects, 

he operates not vith numbers, but with objects. Certain elements of 

abstraction and generalization are involved in the transition from 

> operating with objects to counting on fingers. In the^process of be- 

* 

coming acquainted with numbe^p^, the child, on the one hanH, abstracts 
himself from the objects and Xurns to-abstract calculation, and, on 
the other hand, begins to relate numbers to the specific objective 
'totality. This occurs during the period whe^ the child is studying 
problem solving. Under an improper method this instruction becomes 
a mere illustration of one or another arithmetical operation. The child 
attempts to compute as quickly as possible the total data given in the 
conditions of the problem. If he does this correctly he receives the 
teacljer^s approval. The entire activity ^of the students when they 
solve a problem in this manner amounts to performing operations with 
numbers. ^ 'the. jirocess of solving arithmetic problems in such j^Sses is 
replaced by solving examples. In this connection the objective content 
of the problems disappears from the child *s mind. " - 

Lack of attention to the notation 'of the nomenclature in solving 
arithmetic problems stems*from the tendency of many auxiliary school 
teachers t6 reduce all instruction in arithmetic to calculation. 

In our analysis of the children's work we established th^t the 
quantity of errors in the use of nomenclature fluctuated between 15% 
in sbme problems, and 80% in others, which indica<:es the relationship 
between these errors ^nd the type of problem. 

In problems involving the application of the operations of addition 
and subtraction, one may note three types of errors: 

1, The nomenclature is not written completely; these errors are 
encountered very frequently ■ ■ ^ * 

2, The nomenclature is written for* only one component of the 
problem (in the first term or in the minuend), for example: ^7 .dresses 4- 
5 ■ 7 ; **8 apples - 2 « 6^*; these mistakes are not Encountered 
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frequently; 

3. Tlie nomenclature is written only in the result — in the sum or 
the difference, for example: "2 -f 5 =/? (dre^ses);*^ "8-2-6 (apples);^' 
similar notations of the nomenclature appear to be very widespread. 

We must distinguish in particular those ca^es in which the students, 
in writing the results of the solution to problems involving addition, 
had to substitute the specific nomenclature with the generic, for example, 
when it is necessary to add a q.uahtity of girls and a quantity of boys 
in. order to find out how many- children there are in the class, or to 
add apples and pears and determine the amount of fruit. Preliminary 
work in which the students are taught the transition from specific to 
generic concepts is meaningful in that it explains these difficult ■ 
cases to the students. In order to avoid errors, special exerVises are 
necessary whereby the children gain the ability to -generalize, Vo bring _ 
the specific concepts \4nder the generic, and to put down the nomen- 
clature correctly. 

Hiere is another kind of difficulty which arises in the formui^a- 
tion of nomenclature fey the solution of. problems in multiplication\and 
division. The children very often commit errors in multiplication which 
indicate how complex the process of solving the problem is for theraand \ 
what great demands it makes upon the child's thinking. Thus, the {^rob- \ 
lem, "One pen costs 3 kopeks; how much will 3 pens cost?" is solved 
in the following way: "3 kopeks x 3 pens = 9 kopeks"; answer: "3 
pens cost 9 kopeks." .It is apparent that the clvLld retalxied the ebjec- 
,tive contents^ of the projilem; he computed both the kopeks and the pens. 
However, he did not achieve the nece'Ksary level of generalization; the 
child did not understand the logical meaning of the operation of raulti- 
plicatio;! which does not permit kopeks to be- multiplied by pens; tttere- 
fore, his notation appears to be erroneous. Tliis shme type of difficulty 
•^s encountered In writing the nomenclature in division into parts. Jor 
example, this problem was given: "Z dresses took 10 meters of material. 
How much material does one dress take?", A typical -error is observed 
in the notation, "10 meters : 2 dresses = b meters"; answer: "One 
dress took 5 meters of >mater ial ■. " 

It i£^ cJear that these di f f^i cul ties arc increased in cases where 
it is necessary to "apply two operations -- (i ivi sion and multiplication. 
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To study more deeply the nature of the difficulties involved in stating 
the nomenclature, V we conducted a special investigation of th^^proces^ 
of solving problems involving two operations. Ninety-six pupils from 
six grades in five Moscow auxiliary schools par tioipa-ted in the experi- 
ments. There were no failing students in these^ classes. 

As a means of cdmparison*, these same problems were solved by 86 
second grade pupils in the mass school. They were given problems solv- 
able by finding the unit measure; these problem^required multiplication 
and division. Here is one of tha problems: ''20 dresses were sewn in 
the workshop out of 80 meters of material* How many meters of material 
'did 50 of these dresses, take?** 

Below is a table representing data on the number*^ of ma^s ^and , 
auxiliary school students (in percentages of the total number) who 
refused to solve this probllm, coimuitted various evt^rfs^TxT'^Q^^g it, 
or who solved the problem cCorrec tly (Tab! 




ERRORS 




rtASS AND AUXILIARY SCHOOL FUPILS 



Grades 

Grade II 
in ' the 
Mass 
Schoc^ 

Grade IV 
in the 
Auxil^ 
iary 
School 



' Refusal ^ 
to 

Solve* 



Errors in Solution 



Incorrect 
Choice of 
Operation 



24 



Errors 

in*Cal- 

culation 



Errors 

in Nom- ^ 

enclatur^ 



10 



34 



56^ 



Correct 
Solution 



64 



. Errors in stating the nomenclature were also present 'in the 
first and second group errors. 

t^oLe: KntrieH art- pt-rc- tMi-Laju's oi the total tnimber of students 
in each category. * 
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It is appare,nt from the tableN^at the pupils* refusals and their 
incorrect choice of operations w^revpi^^s^nt only in the Vprk of the 
auxiliary school students. But errc^s in nomenclature were, extremely 
widespread f or-rs^tuden^zs in both schools'. If we take into account the 
fact that errors in ^nomenclature accompanied the errors in choosing 
the* operation and, in calculations, w.e see that such ertors are 
encb.untered in 90% of the auxiliary school students whose work we have 
analyzed • This is almost three times the number of • maSs school pupils 
who committed these errors. Let us examine typic.al errors in stating 
the, nomenclature* There were frequent errors in the solution to the 
f irstj question of the-* problem, which reflected weakness in the ability\ 
of njentally retarded pupils to generalise:, but which .shdwed at the same 
time that they understood the* concrete contents of the problem correctly 
These 'cases were characteristically written" thus^: "80 meters :- 20 
dresses' = 4 meters.*'- There are definite relationships in the problem 
between the obj[ects in the operation* (^meters of material and dresses) ^ 
and the quantities of ttxese objects. tn solving the first problem the 
children expressed the relationships between the quantities- correctly. 
The relationships between the ob3ects were represented truly, but wexe 
x)£>t generalized. This is a sort' of ^^intelligent-" error which shows -that 
in solving the problem the pupil is not carrying out division into parts 
independent of what' these parts are made of — dresses or pieces of 
material, etc. 

To teach children not to uscj thp nomenclature when working with ' 
division into parts, it is necessary to^ show them tliat, in practice, 
the material should first -be ^divided into partB, and (Jftily then can it 
be used in the preparation of dresses. Not only is it necessary to 
demonstrate this several times, but it is alsd necessary to give each 
puj!^il the .oppof tuift t^ to carry out division into parts using^yarious 
objects. It is especially necessary to show the children tliat these 
various parts of tlxa materia] can be used in different ways (to b6w a 
dress, a robe, a skirt), but that in order to da this it is first 

necessary to divide the material :^nto* parts. In other words, the 

> I' 

necessity*of generalization in'a giv.en case must be taught specifically. 
The origin of another group of errors iLn which one of the qbjects 
appears from the written nomenclature appears to be more cDmplex. 




The dperation is performed Tcorrectly, but all of the number a have 
identical nomenclature, for exaAple: "80 meters v 20 meters « 4 meters." 
This notation is evidence of a certain distortion of the contents of 
the problem, since the connection between the number and the definite 
object cliaracterized by that number is severed, and c5nly the relation 
between the given numbers remains. A formulation whereiij all the 
uuniber%r liave identical nomenclature just as they do ip addition and 
subtraction, shows that the complex relationships in the problem have 
been simplified and transformed into more elementary ones. It should 
be considered that due to the loss of one of the objects in the condi- 
tions of the problem the orienta tors , for the solution of the second 
question in the problem are weakened. This type of error borders 
closely on the type in which the second object Cin this case, the 
material) disappears, thus simplifying the problem sharg^ly, although 
the division into parts, required by the conditions of the problem, is 
refeined; e.g., "80 dresses - 20 = 4 dresses." ^ 

In these cases, which account for 30% of all errors/ it is distinctly 
apparent that the relationships come under various classifications — 
relationships between the objects (nomenclature), relationships between 
the objects and their quantity, and, finally, relationships among the 
quantities* (the numbers) — and this disturbance of the relationship be- 
tweeh-the object and the quantity leads to the disturbance of the 
relationship between the objects, that is, to the disturbance of the 
relationships among all of the classifications. A problem involving 
two operations is, in fact, transformed into a less complex problem 
involving one operation, wherein only the correct relationships between 
the numbers are retained. These sorts of errors in solving problems 
have been described in patients having brain damage [1]. 

There is another type-of error whereby the nomenclature is re-- ^ 
tained in the dl fTffr _ nrrr the dividend, but is missing in the quotient, 
for example: "80 meters ' 20 meters = 4." Here simplification of 
the relationships betweei^- the objects accompanies changing the character 
of the operation* The problem, which requircis division into parts ^ 
and the determination of what these parts are quantitatively, is trans- 
formed into^'a problem in division into subgroups, which leads the pu^il 
away from the given conditions*? and hampers further solution. 



Fitially, where the nomenclature is missing in the divisor and the 
l^videni, but appears in the quotient **80 20 = 4 meters," a complex 
probl^ is turned into an example; the students^ attention is directed 

W^d the arithmetical o^ration as in solving an example, while the 
nomenclature is used only in the final answer as an illustration. 

The errors encountered in the performance of the second operation 
in the problem, that i^^, in multiplication, are analogous and similar 
to the errors in division described above. 

Our examination of all the errors in the notation of the nomen- 
clature allows us to group them into two general categories. First 
there are the errors caused by the^ difficulty of abstracting from a 
concrete situation. This concerns the statement of the nomenclature in 
the multiplier and the divisor (in division into parts). In utilizing 
concrete nomenclaturtT in division or multiplication the transition from 
concrete material to certain gener'aliEations appears to be complex. The 
presence of these errors should be considered a manifestation that is 
ful ly» anticipated, since the procedural means used at present do not 
ensure to a sufficient degree the formulation of that type of generali- 
zation. 

In other words, there are cases in which the erroneous notation of 
•the nomenclature testifies to the 'loss of the" concrete contents of^ithe 
problem. This is a double error. In the first place, this is a case 
in which the problem .is transformed into an example, whereby the nomen- 
clature is included only in the result of the operation. In the second 
place, those are cases in which, in performing the operations of divi- 
sion or multiplication, the nomenclature is placed' as thou^li if: were 
in addition or subtraction. In these cases' the choice of the operation 
appears to be correct, and the correct relationships between the numbers 
are retained, but fjie relationships between the quantities and the objects 
are distorted; thisi is evident in cases in which the, notation of the 
nomenclature is clearly nonsensical, f ornexample : ^% dresses x 50 dresses 
- 200 dresses . " Here there is a pecul lar disassociat ion uf the <juant 1- 
tative notations i rom the desi^;nated objects to which these quantities 
are related. This d isa*vsoc iat i on is a signal that the objective con- 
tents of the pr oh 1 em are either m 1 sunders tooci or 1 os t . 
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Thus, an analysis of tl\^ errors made in stating the nomenclature 
showed that the numbers in word* problems are often perceived by' auxil- 
iary school students as though they were significant apart from tlm 
objects; that is, the numbers are not related to the objects they deter- 
mine. A mentally retarded schoolchild * s interpretation of^ a problem is 
often limited only by his definition of the relation between the numbers 
as given in its conditions. ^ The students do not always succeed in 
penetrating the present and past relations between the objects which 
compose the real contents of the problem. Because of such a» corapre-- 
hension pf the problem the children, naturally, either drop the nomen- 
clature or distribute it incorrectly. 

The nomencj^ature for the qaai\tity obtained as a result of solving 
an aritlunetic problem Qan be correctly determined when the actual 
objective contents of the problem are understood- it is important that 
the teacher understand that in solving a problem the choice of operation 
may be brought about even without the student comprehending the real 
contents of the problem; the correctness of the choice of operation is 
not always a sign of (he correct interpretation of the proble^n* The 
* correct formulation of the nomenclature serves as a more convincing 
acgunxent here* 

It follows from what has been said that the lack of a suitable 
method for teaching formulation of nomenclature aggravates the situation 
even when the numerical data and the objective contents of tiie problem 
are ixOl disassociated, as we observed to be the case when the auxiliary 
school students were in the. Initial stages of problem solving. 

Concl us ioi\_H . 1. After four or five years of itistruction in the 
auxiliary schools, the students have usually mastered firm skills in 
performing operations in calculating within the limits of one hundred and 
even uf one thousand. Nevertheless, they do not solve satisfactorily the 
typas of problems that are indicatecl in the program for the third, 
fourth and fifth grades. Mo.st pupils in the sixth and seventh grades . 
continue lu t^ulve thest^ p!ol)lems unsatisfactorily. 

2. By reproducing the complex rrlat ionshlpf; in the conditions 
uf the problem, the interpretation and solution of the problem are 
mnni*f es tpcl . 'When the second i^rade mass scfiool children have correctly 
reproduced a problem, their solution is usually correct; after an 
incorrect reproduction of the problt^m tiiere Is very seldom a correct 
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solOtlon* Such a connection between the reproduction and solution of 
problems, although observed iii^ost cases, doss not appear to be always 
true for mentally retarded ""children, who sometimes, notwithstanding an 
incomplete and distorted reproduction of a problem, solved it correctly 
and, conversely, a correct reproduction notwithstanding, sometimes 
solved it incorrectly. ' , 

3. Ev^n when the problem is reproduced correctly it does not 
always follow that the relationships contained in it have been under- 
stood. The cases in which this occurs are characterized by a peculiar 
disassoc'iation of the words from their concrete contents* Tlie emascu- 
lation of the verbal reproduction of the problem is shown by the fact 
that 'it not only fails to guide the solution, buty apparently, also 
fails to give rise to the images behind these words* Mentally retarded 
children sometimes memorize a short text verbatim without sufficiently 
understanding it. This appears to be a symptom of the insufficient' 

unity of thought and speech, a disassociation of the activities of the 
* 

two signal systems. 

This is evidenced by those cases in which the problem is reproduced 
f ragmentarily , incompletely, even erroneously, but nevertheless Solved 
correctly. In these cases, valid operations are accompanied by quite 
unsatisfactory wording. 

4. Wlienever one type of problem is changed into another type in 
the reproduction, the problem is usually sol^^ed as though it weref of 
the type indicated in the reproduction. The fact that the problem was 
changed is evidence of insufficient differentiation of the system for 



learning in mtintally retarded schoolchildren. This shows that they 
perceive the terms and expressions contained in the conditions of the 
problem in an extremely general, diffu'se form. Consequently, mentally 
retarded children express the ^'^Ituation in the problem Incorrectly. 

5, Changing a problem from one type into another type occurs not 
only when a problem. has been reproduced and subsequently solved^ but 
also when the soluLiou took place without a prelLrninary reproduction. 
Such a change is caused by the special "guiding'' role played by the 
Xerms expressing specific arithmetical relationships in the text of 
the problem. 

Again, this testifies to tlie complexity of the interaction ot the 




il systems xn^ o] 



.signal systems xn oligophrenics , 

^. The peculiarities in the way auxiliary school students learn 
the language are revealed by the exaggerated role which they give to 
arithmetical terms and expressions, and their mistaken interpretation 
of these teirms and expressions. These peculiarities consist: not only 
in an oversimplified interpretation of the terms, comparing them to each- 
other because of a certa'in external resemblance, but also in an insuffi- 
cient understanding of their relationship to the other words in the 
sentence. 

7. The peculiarit'ies in the way mentally retarded children learn 
the language are even more distinctly revealed when they solve simple 
problems given in an indirect form (in other words, problems in which 
the operation is reversed) . Psychological research sliows that the 
texts of such problem^ are difficult to understand not only for auxil- 
iary school students but for normal schoolchildren as well [11] . The 
difficulties experienced by auxiliary school students in solving in- 
direct problems are magnified by their misinterpretation of arithmeti- 
cal expressions and terms. It is particularly easy for them to lose 
the pbjective contents in such problems, so that the solution is 
directed along an erroneous path. 

^ 8. Tlie predominant error in solving simple problems appears to be 
choosing the wrong operation. We must note that this error is not _ 
due solely to the reasons we indicated in tTie previous paragraphs, but 
also to the conditions under which tlie solution takes place, in parti-- 
cular, to the character of the problem solved immediately before the 
new one* Mentally retarded children display a tendency to liken proposed 
problems to what, in their experience with problem solving, is the 
"freshest** in their memory. , 

9. Certain errors in solvJ.ng one or another simple problem were 
peculiar to that type of problem. Tlie number of erroneous solutions, 
and the character of the errors, permitted us to divide the eleven 
problems presented to the cJiildran into tliree groups., in accordance 
with the degree of difficulty they posed for the students. 

Problems with direct operations enter into the first group with 
the simplest problems — the addition of two quantities, finding the 
remainder, and division into parts. In the second group we add problems 
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in which terms like "so many more, fewer** ent^r into the conditions, 
problems in increasing and deci^easing "by so ma\vy times," and problems 
in finding the product, Tlie children make more mistakes in solving 
these prfrbleins than they do in solving those belonging to the first 
^oup. finally, theses t difficult problems, involving compari-- 

son by determining the difference and the ratio and problems in 
divii^on into subgroups, constituted the third group. 

iO. •An analysis of the errors made by mentally retarded children 
in writing nomenclature in the solution of problems showed that they 
often perceived the numbers in the text "of the problems out of the 
context of the objects to which the numbers refer. Mentally retarded 
schoolchildren often fail to grasp tlie entire system of relationships 
within a problem and are limited to isolating the .relations between 
the numbers. Since they do not grasp the relations between the objects 
and the rel^ations between the numbers and the objebts, the children 
either dr6p the nomenclature or place it incorrectly • The arrangement 
of the nomenclature serves as a convincing proof of the character of 
the auxiliary school students comprehension of tlie problem* 

'11. Errors in the notation of nomenclature in problem solving can 
be caused^ !in the first place, by difficulty in abstracting from the 
graphic situation contained in the problem, and, in the second place, 
by the students* changing the objective contents of the problem and 
disassociating these contents. 

12, The errors that rise through changing the objective contents 
of the problem or disassociating them^ show that the students compre- 
hension of the real contents* of the po-obiem is -insufficient, although'^ 



their \^ioice of the operation In the solution may be essentially correct 
In teaching children how to solve arithmetic^ problems it is necessary 
to pay serious attention to stating the nomenclature correctly, and t 
present a single system of requi.remQjit^s for the way that^it should be 
written, since U5;ing t]\t\ nomenclature helps the children to retain tht? 
objective contents of^ the problem in their minds, 

13, The characteristic way in which auxiliary school students 
solve arithmetic problems testifies to the profoundly unique quality o 
tlieir perceptual activities in comparison with students in the mass 
school . 




There is an urgent need fof the auxiliary school teachers to 
subtly and precisely coasider these peculiarities in developing methods 
of pedagogical influence upon mentally retarded children, Hiis is of 
primary concern in the teaching program. There can be no doubt that in 
this way a significant increase in t;he level of the auxiliar}[ school 
students' knowledge and in their skills will be achieved. 

Some Proposals _for Improvin g Instruction 
in Arithmetic Problem S olving In the 
Auxiliary School 

Having investigated the characteristics of the way auxiliary school 
students reproduce and solve aritlimetic problems, we are convinced that 
the level of their knowledge and ability in this sphere is insufficient, 
but that the possibilities for^ developing their knowledge and abilities 
have not only not been exhausted, but to a significant degree have not 
even been utilized*. 

The successes and failures in the schoolchildren *s mastery of the 
fundamentals of the sciences are always tied to the concrete organizatio 
of the pedagogical work, which provides the conditions for the achieve- 
ment of the childrBn*^ mental development. As we observed over a period 
of several years how mentally retarded schoolchildren master aritlimeti- 
cal knowledge, we became convinced that w^ sliould not consider the 
characteristics' of their perceptual -activities unchangeable; these 
peculiarities are closely related to a definite system of teaching the 
children, and depend upon the character of that system. 

Improvement in the curriculum, the textbooks, and the method of 
^=sachlng in the auxiliary school does not, of course, completely remove 
all the peculiarities in the thinking of mentally retarded children, 
which are due to brain defects, but it does give the children a chance 
to attain the ability to solve the practical^ problems of life more 
successfully. The. search for a rif,ht way to teach mental^^ retarded 
children .becomcis more succCvSsful the more we know about the character- 

V 

is tics oi' the way they attain knowledge. 

The chief distinguishing feature of the way mentally retarded . 

children interpret and solve arithmetic problems is the peculiar ^ 
disas.^ociatioft" of the worliing from its concrete contents, and, by the 
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same token, the neglect of the objective , contents of the problem* 'We 
note that in these children the second signal system is isolated 
from ihe first. Thus, in teaching the children how to solve aritlimetic 
proS&ke, it is necessary that they ^rceiv^e the correct correspondence 
betwe^J^^eir practical 'experience and the verbal e-xpression of this 
experieuoe^>^^ * i 

The matarials in our investigation and the experience of our best 
teachers allow* us to make several proposals for a methc^d of teaching 
problem solving irl aritlimetic in the auxiliary school. | Above all, we 
must,«ee that the students' practical experience in calculation and 
«. measurement is enriched. It was noted in a series of investigations 
that schoolchildren of age 8 or 9, upon entering the first grade in 
the auxHtary school, do not have the necessary practical experience ^ ^ 
and do pot possess the knowledge which normal preschoolers already have 
at the age of 4 or 5 years [19]. 

*Tha auxiliary school aritlimetic syllabus and a series of methodo- 
iTogical aids [7] recommend preparatory studies in the first grade 
which shouid|,enrich the children's spatial and quantitative concepts 
and should prepare the children to understand arithmetic problems [9]. 

In s4:udying pedagogical experience we succeeded in establishing 
that the best teachers attempt to pass on to the students their own 
practical experience; such experience should be consolidated and 
generalized k0 using arltlimetical terms and expressions in speaking to 
them, niey direct tiie child to analyze the reality surrounding him. 
To give the children knowledge about large and small, narrow and wide, 
high and lowland so forth, p,ood teachers help them to see thene 
properties in the objects around them. Operating with didadtic mater- 
ial can only complete the child's perceptual activity and en^jure 
generalization and consalidation .^of his knowledge in dealing with real 
objectft. Only after sufficiently acquainting the childre.n wlt+i real 
objects do experienced teachers turn to working with didactic material 
and consolidating the* cliildrnn's knowle^dge by using picLure.s. 

It is well known that iiientally retarded children have difficulty 
I In applying knowledge obtained under particular conditions when solving 
practical problems. Pedagogical experience tells us. that if didactic 
material is used chiefly in teaching these children, they will not always 
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be able to transfer the knowledge and skills they have acquired to an 
objective situation. The principle of the visual .methods in instruc- 
tion will be formally observed, but its result will be insignificant. 



Didactic material must be regarded as an auxiliary method which is signi- 
ficant only' when the children already have a definite, sufficiently high 
level of orientation in the surrounding ^reality ; it helps give the chil- 
dren an ability to abstract from concrete reality and to generalize about 
this refill ty. If the child *s practical experience is sufficiently rich, 
working with didactic material elevates the child to a new, higher level; 
if the children's practical experience is lacking, working with didactic 
material does not replace it ^ and is therefore useless- 

Before teaching mentally retarded children to solve prpblems it is 
necessary to help them build and comprehend everyday experience in 
that sphere of reality and existence in which calculation and measurement 
are used the most. Wlien he comes to the auxiliary school,' the pupil has 
a vagu^ conception of where milk, sugar, meat, and bread are sold; he 
-does not know wiiat methods are used to measure these products in selling 
them, Although he may have been in a store and seen this process ifiany 
times. He usually does npt know the monetary symbols, and does not 
understand the very process of buying and selling. 

The. students must be given a systematic education in order for t!!hem 
to develop more precise, systematic concepts in this sphere, to enrich 
their knowledge and vocabulary, and to become acquainted with the terms — 
this develops their thinking and speech* Acquainting the children with 
this sphere of life through pictures and books has been shown by peda- 
gogical experience to be ineffective* 

The best teachers of mentally retarded^ pupils prefer to extei^d the 
children's experience by giving them a practica!^ acquaintance with the 
surrounding reality* Unde?r these CQndition3 the words, terms^ and expres- 
sions are closely related^ to the objective world. 

To ilJustrate tlie^s^\statementB ,let us-,dascribe a series of pedagog- 
ical methods usad by t(^achers: * 

1> excursions accompanied by demonstration and practical execution 
of the actions and operations .connected with the purchase of products, 

2. organization of tlfte game ^*to the store'^ in class and after 
school. 
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To acquaint the children with what is sold in one store or another, 
several excursions must be made/ One excursion was organized around a 
special assignment — to see what kinds of stores, booths, and stalls there 
are on this street^-^'Here is a bakery.^ What do they sell Inside?"; "Here 
is a dairy store. What do they deal with?"; "And what is sold in a 
pl^rmacy?" 

The following ' series of excursions to a store were made with the 
aim of observing the process of buying and selling. The children dis-r 
covered that there are piece goods and goods that are measured or 
we/ighed. Here with the help of the teacher, they bought something, and 
also became acquainted with the corresponding terms. Thus, the children 
became acquainted with various stores. They discovered what is measured 
in me^r^, liters, what is weighed in kilograms, and so forth* 

Wlien , second graders visit stores, they must learn that it is possi-^ 
ble to count objects by twos, fives, and tens, and that certain goods : 

are sold in packs (matches, cigarette'fe) , ^xes (candy, pastry), on j 

I 

spools, in balls, in skeins, packages, etc. The resuJjts of -each excur-j 

sion were discussed and consolidated in special lesson-games (the | 

game "in the bakery," "at the dairy store," "at the pharmacy," and so \ 

forth), in which coins a^re used freely — first one kopek, then two and i 

three kopeks*. Each pupil glu^d together a box for himself to be used ^ 

as a coin bcx and kept his coins thei;^* 

A strict system and progression should be observj^d in conducting 

these lessons. Tt Is impossible to convey a great quantity of new infor 

mation to the children at once on a single excursion; it is necessary to 

secure a certain amount of information, and the corresponding terms, on 

each excursioxi. The lesson-dramatizations which we mentioned above 

(for example, the game, "to the store") have a sppcial significance. 

Each such lesson should have a definite goal, fori example, ^to give tlie 

children in the third grade information about tl^e relationship between 

the quantity of goods and the amount of money necessary to purchase them 

The chLlcIren should apply this ^ Ini orm^it ion independently In their' prac 

tlcal activity, for example, buying lunch in the school cafeteria. 

Measuring is a necessary part of the work in teaching elementary arith- 

^ merle in the auxlLiary school. *It ir. an es.sentlal stage in the studies 

which prepare mentally retarded children for solving arithmetic problems 
i 
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According to the contemporary methods for teaching arithmetic, questions 
involving instruction in measurement are introduced. XBthfer late, namely, 
in the section on t;he study of metric measure and of compound concrete 
numbers* In accordance^ with the program for arithmetic in the auxil--' 
iary school i the jchildren in the second grade are acquainted with lueas- 
ures only in the measuring of segments and liquids, and in the third 
grade, using the measures indicated, they are given practice in measure^ 
ment. We are convinced that children should learn to measure in the 
first grade when they. are first introduced to numbers. They should 
acquire skill in measuring long before they become acquainted with the 
metr:^c system of measure. 

The^ mentally retarded child, during his initial instruction in 
calculation, forms the concept that a quantity i^ an aggregate of objects* 
This concept is created as a result of enumerating groups of objects, 
but it can also be created as a result of measuring. This is one of 
the most important sources for the formation of number concepts, as 
the foremost prerevolutiouary methodologists (Guryev [5]', Galanin [4], 
and others) pointed out repeatedly. 

* Pedagogical experience shows that if,- during the very first stages 
of instruction, the child, in practice, carries out measurements using 
conventional, everyday units of measurement (a spoon of sugar, Xwo spoony 
of sugar, three glasses of tea, two bowls of soup, one lump of sugar, 
two steps, and so foxth),^he will also, in this way, obtain a concept 
of number. Children can measure liquids in glasses, or pour jars ofy 
^ sand into a pail in order to strew it on the garden path afterwards; 

in lessons involving manual work the.y can measure t\\^ length of ribbons, 
st^ng, and so forth, using colored rulers having a definite length. 
In this way the child torms an elementary concept of liow many ■ti_mes^ 
the ruler is laid down according to the length of the tape, and so 
forth. ^^---^ 

Measurement: in the first stages of instruction is usually performed 
with conventional units: steps, ropc^ , rulors, piece's, of paper having 
a specific length, glasses^ j^'^rs, etc. At first' the children Icaru to 
do nianual work with a ^'measuring technique"; e,.g., they weave mats out 
of colored pnper, thereby gaining a sound knowledge of tlie significance 
of tlie terms "long — short'^ and learning to measure by placing sliort 
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strips of one color onto long strips of another color.. A great many 
such lessons involving work with strips must be conducted, in order to 
consolidate skills in measuring. These skills can also be consolidated 
in lessons involving manual work wherein the length of strips of paper , 
the leAgth of laces and ribbons, pieces of material, plasticine, etc., 
are measured. 

Such a series of lessons in the first grade in ^rit^2fet4c and 
manipulative work should be oisganically connected with lessons in 
the study of numbers and with lessons in improving skills in calci^lating . 
The fuadamen^il jjeason for such l&ssons is that mentally retarded chil- 
dren obtain l^^pwledge of arithmetic on the basis of practical activity, ^ 
implemented not only by hearing and sight, but also by touch and muscu- 
lar sensations. When the children possess a knowledge of elementary 
arithmetic based on practical activity, it is undoubtedly ^asier for 
^them to approach the solution of problems. 

The methods h4ve set forth, are directed toward "giving the pupil 
an opportunity to accumulate practical experience to use in future 
problem solving . - 

The teacher should pay special attention to extending the children's 
practical experience, so that they may comprehend the functional rela- 
tions which form part of the cond-itions of the' problem (time and dis- 
tance", speed and time, and so forth) • In this connection it is impor- 
tant to note that the teacher should, in the process of teaching, uti- 
lize the children's practical experieni^e, not only in the initial, but 
also in the subsequent stages in which the students learn to tboughtfully 
examine the conditions of a problem. 

Many psychological investigations and methodologies emphasize the 
meaning of vcomparison organized and conducted in different ways as a * 
means which contributes to a bet ter mastery of the material in a parti- 
cular educational discipline. We believe that, even in the initial 
process of comprehending various arithmetical relations, it is useful 
to take advantage of comparison; e»g., **There were som^ candies on the' 
table • I put another piece of candy on the table. »*Were there more or 
fewer candies then?"; **Mama went to the store and bought some bread. 
Did she have more or less money afterwards?** ; **Vasya bought one piece 
of candy, and Hisha, five pieces of the same type of candy^ Wlio paid 
more money?** ^ 
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Tliese problems give the studentes^ractice in ascertaining various 
.mathematical relation|j» Although 'such^ an analysis of the conditions of 
. the problem -appears to be generalized, it nevertheless serves as a step- 
ping stone to a higher level of analysis. In solving problems in addi- 
tion and subtraction, the. children should always focus their attention 
*on the fact that** in addition the number obtained becomes greater and, 
conversely, tliat in subtraction £Vie number obtained will be less than 
the first number. Many exercises should also be done to consolidate the 
concept of *^as many as." The pupil should name the quantities which 
are greater than and les^ than th^ given quantity. 

All these exercises should be performed on concrete material under 
the conditions of a well-defined activity. This can be effected in 
handicraft lessons, in wl^^h theri^^re various segmehts of ribbon, 
braids and paper^. Tiie students can perform the measurements with the 
segments, although they do not know the conventional measures. 'Exper- 
ience has shown^'that comprehension of the essential^ of one or another 
aritlimetical operation is most affectively achieved by the independent 
activities o/ the child. Experienced teachers understand that if t\gp 
* piles of books or rti^tebooks ^rc lying on the table and^ the pupil is 
'given the assignment, "Add one pile to the other," "Pile the books 
together," "Shift all the books together from the table to, the cupboard, 
"Add one. pile of notebooks to the other and give them to i^," or "^ring 
the chairs from the other room and put thgm all together," wh ^le 
^erfo_nnin£ the prac tical opera tions he_ is_ l9a_rnin^ to^ add at the*- same 
time, lliese are practical , problems to illustrate the operation of 
subtraAion: certain objects , post be taken away, removed cut off, 
carrled^^away from the total quantity of objects. 

After' the ciiiidren learn to follow such^ instructions it is possi- 
ble to combine thasp ioperations with calculation. fi)r example, before 
^ling the groups together, the child should count the number of books 
in the first pile and in the second. These practical operations should 
prepare the children to picture in reality the couditiuus of the prob- 
iems, and to become accustomed to taking into account the sequehcc of 
the cl^nges in the quantities contained in the problem. 

The teacher's serious attitude to such exercises helps the chll- 

c!jren adoumylate ,the necessary experience with practical o]^erations and 

J- 

165 

1 



wording. They will use thi.^ ^ experience as a basis in the future, for 
.solving word problems, and for situatidns in which they have to 
imagine a situation on .the basis o£ the. conditions of the prdbl,eiTi, ^ Thus, 
before passing on to the solution of arithmetic problems in a text,^tV 
is necessary "to conduct a great deal of preparatory , work in develop^g, 
and enriching the children's concepts and ima'ginations » 
• -* We believe that at this, stage, when t\ie ^tudentn are-doing exer- 
cises,in solving. problems with real objects, it is already aecessary 
.t^o^Agfich them to*, verbalize the operation 'they "liave performe4- Tlie 
ch^^^^mould say,;rfbr example:' "I piled the books together,'' "I* 
gathered the notebooks together,*^ "T kdded,*' "T' took aw^y,*' and so 

* forth. In the next stage of the exe^cise»s theW- verbalizations slu^uld 
'be jelat'ad 'to the other pupils: ^'Fetya piled the bc^oks tpgether,*\ 
yvasya added**^.,*' **Len>^ carrie^l away, took away...',^' \nd,so fortli. 

* Tlien the pupils should be taught **tO' compose several consistent related 
sentences describing the operations fhe^^are performing,, for exajnp.lo: 
^ "Lenya put two notebooks on the table. ^ Fktya put down, five more and' 
piled them together*'* These verb'ali zat^ons ^hpuld accompany the 
'operation or should follow Its perf ormanoe 

The verbalizatic^i* af the operations helps .t!*lie child geileral Ize^ and 
coi.isolidate'" them -in his mind* The ai;itlvnetical language mastered. by 
^hc? ^liil d 'plays a decisive role in the development of his arithmt^^tlc 
' thought>, and in the transition from visual conceptions of quantities. 

to gene^-alize numerical concepts. Special work must be" conduc te(|^ in 
, order to teach 'the student to .verbalize the operations which they have 
j>er formed. Such exercii^es serve as a good p^^eparntion lor understand-*^ 

-•^ng word problems and have gr^at iiupcyrtance for developing the correct 
interact ion, b(?tween 'the two signal sy.stems in mentally retarded 
students. ' ; " . ^ ' * 

iJ^udying the oj^isflng practice ol' arithnfetic: instruction in' the 
auxiliary school, we tu^tcni the ext rao rd i na ry *spoP(i with which the ^ ^ 
teacjierhi shift the students from solving problems tnvc^^^i np^ real ohj*octs to 
^olvin^^ verba lly formul ti^tted prol>(^(Mns. This unw/irrauted .speed ^1 eadji to 

. the ^eventuality that the student^ do not see either the conqrete contents 
or the •es.st'^nre of tiie ;mati)ei^atical expressions' fn the problem. 
\ ^ .To prei^ltS^^ .the mentally fcmrdett -child i^pw \^olMiii\\ arithmetic prob- 
'lem^, to'prevent hi s "d fsassocla t ing the words from the objective contents, 
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It is necessary ^ enrich and generalize his practical experience, to 
systematize and verl^alize it, ajxd not to give the child .word problems 
too quijkly, M^^^ver, the pupils should, w^ienever necessary, return 
t.o actual operations with real obje'cts. 

Ouv^ material permits one more conclusion of serious pedagogical 
signifllLcance; it is necessary to consolidate carefully the ability to 
solve problems of a particular type. Pavlov's experience in the 
differentiation, of conventional factors shows that the ^frequent repet- 
ition of one or appther conventional faqtor does not make it a more 
specialized stimulus. .Specialization is achieved by contrasting it 
with closely related factors Our observations of the reproduction 
and solution o£ simple problems showed that the frequent repetition of 
word problems of a certain type, having similar components aiid similar 
wordings j'^really did not ■ specialize thef recognition of this type of 
problem and Its correct solution^ It can be supposed that in these 
cases the comparison of one type of problem with another^would have- 
f ur tiler ed tKe' pupils ^ formation of the abilitiy^to distinguish and ^ 
recognize them correctly. 

. An examination of ^ the methodological literatifce dealing with 
problem solving, an analy^^is of the auxiliary school students* achieve- 
ment level, ari^ special experimental inves tlgjationa devoted to * the 
detection of ' characteristic ways that^ they reproduce and solve prob- 
lems, have shown that one o'f the main sources.of 'unsatisfactory results 
in teaching mentally retarded chil'dren to 'solve problems is that ^pec- 
' ial teachin^^ fnethods are al^ogi\ther Inadequately evolved ahd utilized,* 
considering Lhe profound unlqueness^oFNjthe meAtally retarded child * s 
cognitive activities. ' 

The material which we have collected dealing with the, level of the 
auxiliary school stiidents* knowledge in arithn;^ tic the data about thei 
'reproduction and solution of problem^, an^ ^Iso an analysis of t\^e 
experience of the best: teachers teHllfies t© the necessity of giving 
serfous altentlon to thd i'mprovement of the curriculum and textbooks, 
and to tshe perfection of the metliodo^ogy for , teacliing' problem' solving' 
iit^the auxiliary school.- Tlie data we obtaimed^ indicates the- necessit^^r 
of long~t.erm instruction preparatory to sol^vin^ problems. 

in comp^ilTftSy^textboolcs; tho'inclusi^ of each type of simpi^e prob- 
lehn ast^d of the cluldren should bfc> j us Lif ied ,^ an:!!' serjLo.us'^ttentifn 



should be given to the order in which such problems are organized. 
Methods of teaching the solution of each type of simple problem must 
be evolved. Special attention should be devote4 to the transition from 
solving one ^ type of problem to solving Another- type of problem with a 
view to ensuring that the pupils will recognize and solve them correctly. 

Methodological devices of education ^houl^ be specialized, in 
order to better take into account the uniqueness of the mentally 
retarded schoolchild. ' • 
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